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Abstract

We introduce a new type of arrow in the update frames (or “action models”) of
Dynamic Epistemic Logic in a way that enables us to reason about epistemic temporal
dynamics in multi-agent systems that need not be synchronous. Since van Benthem
and Pacuit (later joined by Hoshi and Gerbrandy) showed that standard Dynamic
Epistemic Logic necessarily satisfies synchronicity, it follows that our arrow type is
a new way of extending the domain of applicability of the Dynamic Epistemic Logic
approach. Furthermore, our framework provides a new perspective on the van Benthem
et al work itself. In particular, while each of our work and their work shows that
epistemic temporal models generated by standard update frames necessarily satisfy
certain structural properties such as synchronicity, our work clarifies the way in which
these structural properties arise as a result of the inherent structure of standard update
frames themselves. In the conclusion of the paper, we point toward forthcoming work
in which we show that the basic idea behind our new update-frame arrow-type stems
from a much more general extension of Dynamic Epistemic Logic in which formulas
are used to specify arrow preconditions in an update frame, enabling us to describe the
condition under which an arrow is to be inserted in the Kripke model produced by the
operation on Kripke models that the update frame describes. This novel generalization
brings a much broader range of multi-agent systems within the reach of the Dynamic
Epistemic Logic approach, thereby presenting a potential new direction for research in
this area.

1 Introduction

Dynamic Epistemic Logic [2, 3, 4, 10, 17, 19] is a modal-logic approach to reasoning about
belief dynamics in multi-agent systems. The characteristic feature of this approach is its
use of update modals, which are modal operators [U, s] that describe operations on Kripke
models. These operations, called updates, represent informational events in which the agents
receive information that may bring about changes in their beliefs. The basic idea is that an
update modal [U, s| describes a specific partial function fy that maps a pointed Kripke
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tSchool of Computer Science, Reykjavik University, Iceland. http://www.joshuasack.info/
'Department of Philosophy, University of Victoria, Canada. http://web.uvic.ca/~ayap/


http://bryan.renne.org/
http://www.joshuasack.info/
http://web.uvic.ca/~ayap/

32

33

34

35

36

37

38

39

40

4

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

model (M,w) in the domain of fi 4 to another pointed Kripke model that we write as
(M U], (w, s)) This allows us to view a sequence

(Mo, wy), (My,wy), (M, ws), ..., (M, w,) (1)

of pointed Kripke models, with (M1, w;;1) generated from (M;, w;) by the update fiy,,, s,1]
described by update modal [U;y1, s;11], as a discrete-time distributed multi-agent system in
which the state of the system at time 7 is described by (M;, w;). Defining the time of a world
w in M; within the sequence (1) to be the index i, we obtain a notion of time that is external
to the pointed Kripke model (M;, w;). One consequence of adopting this external notion of
time is that all of the worlds that an agent considers possible relative to a world w in M;
have time 7. This implies that at every world, every agent knows the current time. Systems
in which the current time is known at every world are called synchronous [15, 16]. Dynamic
Epistemic Logic, which itself adopts this external notion of time, is consequently restricted
to the study of synchronous multi-agent systems [15, 16].

In this paper, we propose a simple extension to the update modals [U, s| that allows us to
reason about discrete-time distributed multi-agent systems that need not be synchronous. We
achieve this by adapting the methodology of standard Dynamic Epistemic Logic so that it fits
naturally within a version of Epistemic Temporal Logic [6, 9] whose only temporal modality
is a discrete one-step—past operator; this version will be called Simple Epistemic Temporal
Logic. Simple Epistemic Temporal Logic uses epistemic temporal models, which are Kripke
models in which one of the relational components is designated as a time-keeping relation.
When w is related to w’ according to the time-keeping relation, the intended interpretation is
that w' is a possible way the system might have been one time-step before w. This provides us
with an internal notion of time, in that the time of a world w in an epistemic temporal model
M is determined solely based on the time-keeping relation, which is internal to the model
M. Diagrammatically, we will represent this relation using arrows labeled by the symbol
Y —called Y -arrows—where “Y” is a mnemonic for “yesterday” (so having a Y-arrow from
world w to world w’ is to be thought of as saying that w’ is one of the possible ways w might
have been “yesterday,” meaning one time-step ago). In order to distinguish between Kripke
models with and without a Y -relation (the time-keeping relation), we adopt the following
terminology: epistemic temporal models are Kripke models with a designated Y -relation—
these have an internal notion of time—whereas epistemic models are Kripke models without
a designated Y-relation—these have an external notion of time. Since an epistemic temporal
model M uses an internal notion of time, the ways in which the system described by M can
evolve are determined in advance by the structure of the Y-relation in M; said informally,
the protocol is fized. In contrast, the protocol in Dynamic Epistemic Logic is dynamic, as
it can be changed on-the-fly by using a different update modal to produce the next pointed
Kripke model appearing in the sequence (1).

In extending the updates of standard Dynamic Epistemic Logic from the class of epistemic
models (having external time) to the class of epistemic temporal models (having internal
time), we stand to gain dynamic protocols for systems that need not be synchronous. While
standard Dynamic Epistemic Logic sets each world in M[U] to be one time-step ahead of
any world in M, our new updates on epistemic temporal models allow us greater flexibility
in modeling the passage of time. In particular, using the internal notion of time associated
with the Y-relation, our updates allow us to let worlds in M[U] have any natural-number

2



75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

101

102

103

104

105

106

107

108

109

time; therefore, in certain updates that embed M into M[U], each world in M[U] can be
seen either as a world in M or else as an arbitrarily distant possible future of a world in
M. Such flexibility is essential to the study of asynchronous systems. To bring about this
flexibility, we add a new structural component to update modals: the Y -arrow. We use
Y-arrows to specify exact positions in which the update fjy is to insert Y-arrows in the
updated model M[U]. We then identify sufficient conditions on our new update modals [U, s]
that will guarantee that the update fiy, preserves properties such as synchronicity in the
resulting epistemic temporal model. We use these conditions to show that epistemic temporal
models that result from sequentially applying our new kinds of updates are isomorphic to the
generated sequences of epistemic models from standard Dynamic Epistemic Logic that have
been studied by a number of authors [8, 12, 15, 16, 20]. While [15, 16] showed that properties
such as synchronicity are necessary of standardly generated sequences, our isomorphism
result pinpoints the necessity of these properties within the structure of standard update
modals [U, s| themselves. This provides a new perspective on the results of [15, 16].

In the next section, we introduce the language Lpet. and the theory Tpery of Dynamic
Epistemic Temporal Logic. 1t is this theory that we use in reasoning about our new kinds
of updates on epistemic temporal models. Due to space constraints, we will omit the proofs
of our results; the interested reader can find full details in [11], an extended version of this

paper.

2 Syntax

Our theory Tpet. and its language Lpet. concern the beliefs of a nonempty finite set A of
agents, none of whose names coincide with the special symbols Y or Y.

Notation 2.1 (A, Y, Y). Ais a finite nonempty set of symbols not containing the symbols
Y and Y. The members of A will be called agents.

Definition 2.2. Let S be a nonempty set of symbols. A Kripke frame (for S) is a tuple
F = (W, R) for which

e IV is a nonempty set whose elements will be called worlds (in F') and

o R:S — (W — 2")is a function mapping each symbol a € S to a function R, : W —
2" that maps each world w € W to a set of worlds R,(w) C W.!

To say that a Kripke frame F' = (W, R) is finite means that W is finite. Notation: for a
Kripke frame F, we write W to denote the first element of the tuple F' and we write RY
to denote the second element of the tuple F.

Notation 2.3 (A, Y, Y). A is a finite nonempty set of symbols not containing the symbols
Y and Y. The members of A will be called agents. The symbol Y is called yesterday, and
the symbol Y is called yesterday-intro.

'The function R} gives rise to a binary relation R} := {(z,y) € WM x WM .y € R} (x)} on WM. We
will conflate RM and RM whenever it is convenient. We will often refer to the members of RM as a-arrows.
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Definition 2.4. For a language L having formulas, an L-update frame is a tuple U =
(W, R, p) for which

e (W,R) is a finite Kripke frame for A U {Y,Y} that will be called the Kripke frame
underlying U, and

e p: W — L is a function mapping each world s € W to an L-formula p(s).

A state in U is just a world in the Kripke frame underlying U. Notation: for an L-update
frame U, we write WY to denote the first element of the tuple U, we write RV to denote
the second element of the tuple U, and we write p” to denote the third element of the tuple
U. A pointed L-update frame is a pair (U, s) consisting of an L-update frame U and a world
s € WY that will be called the point of (U, s).

Update frames are also called “action models” (or “event models”) in the Dynamic Epis-
temic Logic literature [2, 3, 4, 10, 17, 19]. For an update frame U, a state s € WY represents
the communication of the formula pY(s). For an agent a € A, the relation RY represents
agent a’s conditional uncertainty as to which formula is communicated: if ' € RY(s) and
the formula pY(s) was in fact communicated, then agent a will think that the formula pY(s)
is one of the formulas that might have be communicated.

We now define our language Lpet. as an extension of the language Let. of Simple Epis-
temic Temporal Logic.

Definition 2.5 (Lgr). The Lgry, the Language of (Simple) Epistemic Temporal Logic,
consists of the formulas formed by the following grammar.

o = L|TIpe|loxe|-e|lde
EeN, xe{—V,A,=},aec AU{Y}

Terminology: for each k € N, we call py a propositional letter; for each a € A, we call [a] a
dozastic modal; we call [Y] the yesterday modal. For each agent a € A, we read the formula
lalp as “agent a believes that ¢ is true.” We read the formula [Y]p as “p is true in all
possible yesterdays.” Notation: for each a € AU{Y}, we let (a) abbreviate —[a]— and we let
(U, s) abbreviate —[U, s]=; we define for each i € N the formula [a]'¢ by setting [a]%¢ := ¢
and [a]"™ ¢ := [a]([a]’¢); the formula (a)’ is defined analogously.

Definition 2.6 (Lpet). Lpete is the Language of Dynamic Epistemic Temporal Logic. The
LpetL-formulas are the formulas that may be formed by the grammar obtained from that
in Definition 2.5 by adding the following formula-formation rule: if ¢ is an Lpgt -formula
and (U,s) is a pointed L-update frame with () # L C Lpgr., then [U,s]p is an Lperi-
formula. Lpgt. consists of the Lpgr -formulas along with the L-update frames for which
) # L C LpetL. Terminology: we call [U,s] an update modal; we let (U, s) abbreviate
—[U, s]=. We read the formula [U, s]p as “after update (U, s), ¢ is true.”

Definition 2.7. An update frame is an Lpgt -update frame. A formula is a Lpgr -formula.

Definition 2.8. Tpet., the Theory of Asynchronous Dynamic Epistemic Logic, is defined in
Figure 1. For a formula ¢, we write - ¢ to mean that ¢ is a Tpgt -theorem and we write
¥ to mean that ¢ is not a Tpgr-theorem.



BASIC SCHEMES

CL. Schemes for Classical Propositional Logic
K,. al(e — ¥) — ([a)lp — [a]y) for a € A
Ky.  [Y](p = v) = (Ve — [Y])

UA. U,slg = (pY(s) — q) for g € {ps, L, T}

]
U-. U, s]-¢ = (pY(s) — —[U, sle)
Ula).  [U,s]lale = (pY(s) — NserysldlU, ') for a € A
Uyl Wslivle= (3U(s) = Averyo Y IIT: 1) A
(PU<5) - /\s’eRg(s) [Ua 3,]90)
RULES
+ + c Au{Y} F -

p—9 Fo oy {Y} Fo (N ° o
ks - [aly H{U,sle
Figure 1: The theory TpetL

147 Since our interest here is in implementing update mechanisms on Kripke models with a

us designated Y-relation, we do not impose any of the usual properties on belief or on time
1o that one might expect [6, 8, 12, 15, 16, 20]. So Tpet. should be viewed as the minimal
150 theory that brings update mechanisms to Simple Epistemic Temporal Logic. Future work
151 will investigate extensions of this theory that include familiar restrictions on belief and on
12 time, though we do address the preservation of certain time-related properties in Section 4.

153 Definition 2.9 (Adapted from [19]). We define a function ¢ : Lpgr. — N by the following
15+ induction on formula construction, with [IWV| denoting the (nonzero, finite) number of states
155 in U.

c(q) = 1forqge{p, L, T}

clexv) = 1+max{c(p),c(v)}

c(op) = 14

c([a]e) = 1+4c¢(p) forae AU{Y}
c([Uslp) = (4+¢c(U)) cle)

c(U) = (L+ [WY)) - max,ewov ¢(p”(s))

1ss  The complexity of a formula ¢ is the natural number ¢(¢p).

157 Theorem 2.10. The function ¢ : Lper. — N from Definition 2.9 satisfies each of the
158 following.

150 1. If 9 is a proper subformula of ¢, then c¢(¢) < ¢(yp).
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c(p?(s)) < c(U).

c(p?(s)) < e([U, 8]).

c(p¥(s) = q) < c([U, slq) for g € {p, L, T}

c([U, slo = [U, slip) < c([U, s](@ * 9))-

c(p”(s) = (U, sle) < (U, s]~).

c(p¥(s) = [a][U, s']¢) < c([U, s][a]) for a € AU{Y}.
c(p¥(s) = [U,s'lp) < c(p”(s) — [a][U, s')p) for a € AU{Y}.
If c(¢) < c(v), then ¢([U, s]p) < ¢([U, s]y).

Proof. We prove each item in turn.

1.

If ¢ is a subformula of ¢, then ¢(¢) < c¢(p).
By inspection of Definition 2.9.

c(p¥(s)) < (V).

c(p”(s)) = max c(p"(s))

- c(p(s)) < (U, s']p).

(4 +c(U)) - c()
c([U, s'lp)

c(p¥(s) — @) < c([U,slq) for g € {p, L, T}.

c(p’(s) = q) = 1+max{c(p”(s)),c(q)}
1+ ¢(p”(s))

44 ¢c(U)

c([U, s]q)

A A

A

c([U; slp + [U, s]¢) < e([U, sl(p % 9)).

c([U, sl = U, s]v)

1+ max{(4 + c(U)) - c(p), (4 +
1+ (44 c(U)) - max{c(p), c(v)
(44 ¢c(U)) - (1 4+ max{c(p), c(v
(U, sl x )

c(U)) - c(¥)}
}
)})

AN
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6. c(p”(s) = ~[U, slp) < c([U, 5] ).

c(p”(s) — (U, slp)
= 14+ max{c(p¥(s)), 14+ 4+ c(U)) - c(¥)}
= 24 (44 c(U)) - c(y)
(4 +c(U)) - (1+c(p))
c([U, s]—p)

A\

7. c(pY(s) — [a][U, ']p) < c([U, s][a]p) for a € AU{Y}.

c(p”(s) — [d][U, s']p)
= 1+ max{c(p¥(s)),1+ (4 +c(U)) - c(p)}
= 2+ (4+cU)) c(p)
< (A+c)) - (1+clp)
c([U, s][alp)

8. c(p¥(s) — [U, s')¢) < c(pY(s) — [a][U, s']¢) for a € AU{Y}.

C(pU(S) - [U7 5/]90)

= 1+max{c(p”(s)), (4 +c(U)) - c(p)}

= 1+ @ +cU))-c(p)
1

9. If c(p) < ¢(v), then c([U, sl¢) < c([U, s]p).

c([Uslp) = (4+cU))-cly)
< (d+cU)) - c(¥)
= (U, s]y)

O

Theorem 2.11 (Reduction Theorem). By an induction on the complexity of formulas, we
simultaneously define a function o : Lpgr. — Lgt. according to the cases in Figure 2 and
show that for each formula ¢, we have that - ¢ = ¢° and that c¢(¢°) < ¢(p), with the
inequality strict in case ¢ has the form [U, uli.

Proof. By induction on n € N, we argue that the following four items hold for each formula
¢ with ¢(¢) = n: (i) the line in Figure 2 defining ¢° is legitimate, by which we mean that
on the line in Figure 2 in which “p°” appears to the left of “:=”, each expression of the
form x° appearing on this line to the right of “:=” satisfies ¢(x) < c(¢); (ii) ¢° € Let; (iii)
Fo=¢°% and (iv) ¢(¢°) < ¢(p), with the inequality strict in case ¢ has the form [U, u|i.

_»

7



° = qforqe{p, L, T}

S
|

e T N N T e N e
~— ~—

(U, s]IU", s')p)° o=
Figure 2: Definition of o : LDETL — LETL

189 Many of the cases of the induction are handled similarly, the argument depending only on
1o the last two steps in the construction of a given formula according to the grammar for Lpgt,
101 (Definition 2.6). We consider each of the possible cases in turn. Note that we sometimes use
12 “IH” as an abbreviation for “induction hypothesis.”

103 e For g € {py, L, T}: Fqg=¢q° and ¢(¢°) = c(q).

104 We have ¢° = ¢ by the definition of o. (i) follows immediately, (ii) follows by the
105 definition of Let, (iii) follows by propositional reasoning, and (iv) follows immediately.
196 o F(px)) = (px1)° and c((px1)°) < c(p*1).

107 By Theorem 2.10 (1), we have that ¢(¢) < c¢(¢*v) and ¢(¢0) < c(@*1). So (i) follows,
198 and we may apply the induction hypothesis to each of ¢ and .

199 For (ii), we apply the induction hypothesis to each of ¢ and ), from which it follows
200 that ¢° € Ler. and ¢° € Ler.. We therefore have that (¢° x ¢°) € Lgt by the
201 definition of Lgt., and thus that (¢ x1)° € Lgt. by the definition of o.

202 For (iii), we apply the induction hypothesis to each of ¢ and v, from which it follows
203 that F ¢ = ¢° and F ¢ = 9°. Applying propositional reasoning, we have that
204 F (px1) = (p°*1°). Since we have (¢° x1°) = (¢ x1)° by the definition of o, (iii)
205 follows.

206 For (iv), we apply the induction hypothesis to each of ¢ and v, from which it follows
207 that ¢(p°) < c(¢) and c¢(¢°) < (1), with the respective inequalities strict in case
208 ¢ or ¥ has the form [U,u]y. Applying the definition of ¢, we have ¢(p°® % ¢°) =
200 1+ max{c(¢®), c(¥°)} and c(p *x ) = 1 + max{c(p), c(1))}, so (iv) follows.

a0 e F g =(p)° and c(mp)°) < c(np).



211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

By Theorem 2.10 (1), we have that c(p) < ¢(—p). So (i) follows, and we may apply
the induction hypothesis to ¢.

For (ii), we apply the induction hypothesis to ¢, from which it follows that ¢° € Ler,.
We therefore have that =¢° € Lgr. by the definition of Legti, and thus that (—¢)° €
Lt by the definition of o.

For (iii), we apply the induction hypothesis to ¢, from which it follows that F ¢ = ¢°.
Applying propositional reasoning, we have that - = = —(¢°). Since we have =(¢°) =
(=)° by the definition of o, (iii) follows.

For (iv), we apply the induction hypothesis to ¢, from which it follows that c¢(¢°) <
c(p), with the inequality strict in case ¢ has the form [U, u]i). Applying the definition
of ¢, we have ¢(—(p°)) =1+ ¢(¢°) and ¢(—¢) = 1+ ¢(p), so (iv) follows.

For a € AU{Y}: F [alp = ([ale)® and ¢(([ale)°) < c([a]p).

By Theorem 2.10 (1), c¢(¢) < ¢([a]e). So (i) follows, and we may apply the induction
hypothesis to .

For (ii), we apply the induction hypothesis to ¢, from which it follows that ¢° € Let.
We therefore have that [a|p°® € Let by the definition of Lgri, and thus that ([a]e)° €
Let. by the definition of o.

For (iii), we apply the induction hypothesis to ¢, from which it follows that F ¢ = ¢°.
Applying modal reasoning, we have that - [a]¢ = [a|(¢°). Since we have [a](¢°) =
([a]p)° by the definition of o, (iii) follows.

For (iv), we apply the induction hypothesis to ¢, from which it follows that c¢(¢°) <
c(p), with the inequality strict in case ¢ has the form [U, u]i¢). Applying the definition
of ¢, we have ¢([a](¢°)) = 1+ ¢(¢°) and c([a]p) = 1 + c(¢), so (iv) follows.

For g € {pr, L, T}: F[U, slqg = ([U, s]g)° and c(([U, s]q)°) < c([U, slq).

By Theorem 2.10 (4), we have ¢(pY(s) — ¢) < ¢([U, s]q). By Theorem 2.10 (1), we have
c(pY(s)) < (pY(s) — q). So (i) follows, and we may apply the induction hypothesis to
each of pY(s) and pY(s) — ¢.

For (ii), we apply the induction hypothesis to pY(s) — ¢, from which it follows that
(pY(s) — q)° € Lete.

For (iii), we have  [U,s]¢ = pY(s) — ¢ by Axiom UA. Applying the induction
hypothesis to pY(s) — ¢, it follows that - (pY(s) — ¢q) = (pY(s) — ¢)° and thus
that F (pY(s) — q) = ((pY(s))° — q) by the definition of o. Since we have (p¥(s))° —
q = ([U, s|q)° by the definition of o, (iii) follows.
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We now prove (iv).

(U, sla)°)
= c((pY(s))° = q) def. of o
= 1+ max{c((pY(s))°),1} def. of ¢
= 1+c((p"(5))°) c(p”(s)) = 1
< 1+c(p’(s)) TH on pY(s)
< d+cU) Thm. 2.10 (2)
= ¢([U,s]q) def. of ¢; ¢(q) =1

=1U, sl(e*v) = ([U, s](¢*))° and c(([U, s](¢ x 1))°) < c([U, s](¢ * ).

By Theorem 2.10 (5), we have ¢([U, s|o x [U, s]¢) < ¢([U, s](¢ x1)). By Theorem 2.10
(1), we have ¢([U, s|lp) < ¢([U, s|le % [U, s|t) and c([U, slp) < c([U, slp * [U, s]i). So
(i) follows, and we may apply the induction hypothesis to each of [U, s]e, [U, s|t, and
(U, s]¢ * [U, s]t.

For (ii), we apply the induction hypothesis to [U, s|e * [U, s]¢, from which it follows
that ([U, S]g& * [U, S]l/))o € LetL.

For (iii), we have that - [U,s](p *¢) = ([U, s]¢ ~ [U, s]t)) by Axiom Ux. Applying
the induction hypothesis to [U, s|e « [U, s|v, it follows that = ([U,s|e x [U,s|y) =

([U, s]o % [U, s]¢)° and thus that & ([U, sl « [U, s]¢)) = ([U, s]p)° x ([U, 5]¢)° by the
definition of o. Since we have ([U, s]y)° * ([U, s|v ) ([U, s](¢ *1))° by the definition
of o, (iii) follows.
We now prove (iv).
c(([U; s](0 x9))°)

= ([U,sle)° = ([U, 1)) def. of o

— 1+ max{c(([U. sJp)°), e(([U. sh¥))} de. of ¢

< 1+ max{c([U, s] ), c([U, s]w)} IH on [U, slp, [U, s|v

= c([U, s|lp = [U,s]) def. of ¢

< c([U,sl(px)) Thm. 2.10 (5)

= U, sl=e = ([U, s]=¢)° and c(([U, s]=9)°) < c([U, s]-p).

By Theorem 2.10 (6), we have c(pY(s) — =[U, s]p) < ¢([U, s]=¢). By Theorem 2.10
(1), we have c(p¥(s)) < ¢(pY(s) — —[U, s]e) and c([U, s|p) < c(pY(s) — —[U, s]¢). So
(i) follows, and we may apply the induction hypothesis to each of pY(s), [U, s]¢, and
p’(s) = —[U, s]e.

For (ii), we apply the induction hypothesis to pY(s) — —[U, s]p, from which it follows
that (pU(S) — _|[U7 S](p)o € LetL.

For (iii), we have that - [U,s]=¢ = (pY(s) — —[U,s]p) by Axiom U-. Applying
the induction hypothesis to pY(s) — —[U, sy, it follows that F (p¥(s) — —[U, s|p) =
(pV(s) — —[U.sl)° and thus that F (pU(s) — [T, slg) = ((p"(s))° — (U} slp)")
by the definition of o. Since we have that ((pY(s))° — —([U, s]p)°) = ([U, s]—¢)° by
the definition of o, (iii) follows.

10



270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

286

We now prove (iv).

c(([U; s]=)°)

= c((p”(s))” = ~([U. s]9)°) def. of o
= 1+ max{c((pY(s))°), 1+ c(([U,s]p)°)} def. of c
< 1+max{c(pY(s)),1+c([U, s]p)} IH on pY(s), [U, s]e
= c(pY(s) — —[U, s|p) def. of ¢
< (U, s]=y) Thm. 2.10 (6)
For a € A: F[U, sllale = ([U, s]lal)® and ¢(([U, sl[alp)?) < e([U; s][alp).
By Theorem 2.10 (7), we have c(pY(s) — [a][U, s'|¢) < ¢([U, s][a]¢). By Theorem 2.10

(1), we have c(p”(s)) < c(p”(s) — [a][U, s']¢) and c([U, s'p) < c(p¥(s) — [al[U, 'l).
So (i) follows, and we may apply the induction hypothesis to each of pY(s), [U, s']¢,
and p"(s) — [d][U, ']
For (ii), we apply the induction hypothesis to each of pY(s) and [U, s']¢, from which
it follows that (pY(s))° € LeL and ([U, s'|¢)° € Leti. It then follows by the definition
of Let. that ([U, S] [CL]QO)O € LetL.
For (iii), we apply the induction hypothesis to p¥(s) — [a][U, s']¢, from which it follows
that

= (p7(s) = [a][U,s']p) = (p"(5) — [al[U. s'])°
for each s’ € RY(s). Applying the definition of o, we then have that

= (pY(s) = [allU, s']) = ((p"(5))° — [al([U, 5])°)

for each s’ € RY(s). Applying propositional reasoning, it follows that

= (076) = Averyolallt: ) =
(P ()" = Auergolal(U:51¢)°)

Applying Axiom Ula] and propositional reasoning, we then have that

- Usllale = (V)" = Avenryolal((U51¢)°)

Since the right-hand side of the latter equivalence is equal to ([U, s][a]y)° by the defi-
nition of o, (iii) follows.

(iv).

c(([U; s][ale)?)

c((P”(5))° = Avery (o al([U; s19)°) def. of o
1+ max{(p"(s))°, |WU| + maxgery s (U, sT¢)°)}
1—|—maX{pU(s),|WU| +maxyepy(s) c([U, s'l¢) } IH

L+ WY + maxyepy (o) (U, 8']¢)

1+ WY+ maxXyegu(s) (4 + c(U)) - c(p) def. of ¢
L+ WY+ (4 +¢U)) - cp)

A+ cU))+ (4 +cU)) - clp) Def. 2.9
(4 +c(U)) - (1+c(p))

c([U; s]lalp)

We now prove

VAR VAN

A
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o H{Us|[Y]p = ([U,s][Y]e) and c(([U, s][Y

Jp)?) < (U, s][Y]g).

By Theorem 2.10 (7), we have c¢(p — [Y][U, s']¢) < ¢([U, s][Y]¢). By Theorem 2.10
(8), we have c(pV — [U,s']p) < c(pY — [Y][U,s]¢). By Theorem 2.10 (1), we have
c(pY(s)) < c(p¥ — [U,s]p) and c([U, s')¢) < c(pV — [U,s']p). So (i) follows, and
we may apply the induction hypothesas to each of pY(s), [U, s']e, pY — [U, s'lp, and
pvV — YU, ']

For (ii), we apply the induction hypothesis to each of pY(s) and [U, s']¢, from which
it follows that (pY(s))° € LetL and ([U, s'|¢)° € Leti. It then follows by the definition
of Le that ([U, s][Y]¢)° € Letv.

For (iii), similar to the case for [U, s][a]e, one can argue (using Axiom U[Y| instead of

Axiom Ula]) that

FUsIYTe = ((p7(5))° = Avery YU, s19)°) A
(pU<S))O - /\s/eRg(s)([U’ S/]SO)O)

But then we see that the right-hand side of the above equivalence is equal to ([U, s|[Y]¢)°
by the definition of o, so (iii) follows.

We now prove (iv).

/\S/GRU(S) YI([U, sTe)° A
°— /\S’ERU(S ([U7 SI]SO)O )
L+c((pY(s))° = A ery (s YU, sp)° )
[...as in case for [U, s][a]p...]
1+ (14 [WY + (44 cU)) - c(p))
2+ WY+ (44 c(U)) - c(v)
(4+c(U)) - (4+¢U)) - )
(44 c(U)) - (1+c(p))

c([U; s][Y]p)

IIA |
o

—~
~—~ —~—

3

—~ —~

VA

— —

~— —

Al

= U, slIU, sl = (U, 8][U7, ') and e(([U, s][U", 8']p)°) < c([U, 8][U", s']p).

By Theorem 2.10 (1), we have ¢([U’, s']¢) < c([U, s][U’, s'|¢). So we may apply the
induction hypothesis to [U’, s']¢ to conclude that c¢(([U’, s'|¢)°) < ¢([U’, s']¢), noting
that the inequality is strict due to the form of [U’, s']¢. Using Theorem 2.10 (9), it
then follows that c([U, s]([U’, §'l¢)°) < c([U, s][U’, ']¢), from which we conclude that

(i) holds. We also see that we may apply the induction hypothesis to each of [U’, s']¢
and [U, s|([U’, s']¢)°.

For (ii), we apply the induction hypothesis to [U, s|([U’, s']¢)°, from which it follows
that ([U, s]([U", s']¢)°)° € Ler..

For (iii), we apply the induction hypothesis to [U’, s'|¢, from which it follows that
(U, s'le = ([U', 8']¢)°. By modal reasoning, we then have that - [U, s|[U’, sl =
U, s]([U', s'|¢)°. Applying the induction hypothesis to [U, s]([U’, s']¢)°, it then follows

12
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that = [U, s]([U", s'|¢)° = ([U, s]([U’, s']¢)°)°. Since we have that ([U, s|([U’, s']¢)°)° =
([U, s][U’, §'|¢)° by the definition of o, (iii) follows.

We now prove (iv).

c(([U, s][U", s']p)°)
= c(([U,s)([U', s])°)°) def. of o
< C([Uvs]([Ulvsl]gp)o) IH on [U,s]([U’,s’](p)o
= (4+cU)) - c(([U",8]p)°) def. of ¢
< (4+cU))-c(lU,s)p)  THon U, 5]
= ([U,s][U, ']p) def. of ¢

Note that we obtained the two strict inequalities above due to the form of each of
(U, s|([U', s'lp)° and [U, s][U’, §']¢. O

3 Semantics

Having defined the language Lpgt. and theory Tpet, of Dynamic Epistemic Temporal Logic,
we now define the semantics of Lpgt,.

Definition 3.1. A Kripke model is a tuple M = (W, R, V') for which

e (W, R) is a Kripke frame for AU {Y} that will be called the Kripke frame underlying
M, and

o V:{py:k €N} — 2" is a function mapping each propositional letter p; to a set of
worlds V(pg) C W.

A world in M is just a world in the Kripke frame underlying M. Notation: for a Kripke
model M, we write W™ to denote the first element of the tuple M, we write RM to denote
the second element of the tuple M, and we write VM to denote the third element of the
tuple M. A pointed Kripke model is a pair (M, w) consisting of a Kripke model M and a
world w € W™ that will be called the point of (M, w).

We view a Kripke model as an epistemic temporal model, by which we mean that there are
epistemic components capturing what agents consider possible and a temporal component
that accesses features of the past. The worlds W of a Kripke model M represent possible
states of affairs. The function RM represents agent a’s uncertainty as to the actual state of
affairs: to have w’ € RM(w) says that whenever w is the actual state of affairs, agent a will
think that w’ is one of the possible states of affairs that might be the actual state of affairs.
The function R represents a discrete previous-time relation: to have w' € R¥ (w) says that
w’ was a possible state of affairs occurring immediately before w. The function V¥ is a
propositional valuation, which says at which worlds a propositional letter p; is true. Note
that we do not in general impose any restrictions on the function RM in a Kripke model
M, though Section 4 shows how we can naturally impose conditions that make the temporal
function R and the epistemic functions RY behave in familiar ways.

The notion of Lpgr -truth extends the standard semantics for Dynamic Epistemic Logic
2, 3, 4, 10, 17, 19] in the following way.
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Definition 3.2 (Lpgr -Truth, Lpgr -Validity). For a pointed Kripke model (M, w) and
a formula ¢, we write M,w | ., ¢ to mean that ¢ is true at (M,w), and we write
M,w Wy ¢ to mean that ¢ is not true at (or false at) (M,w). The notion of truth
of a formula at a pointed Kripke model is defined by the following induction on formula
construction.

o M,w %LDETL L and M, w }:LDETL T.
o M,w f=r,. pr means that w € VM (py).

o M,w Erpeq ¢ *® means that M, w =y ., ¢ star M,w =r ., ¥, where “star” is to
be replaced by the (mathematical) English reading for the binary Boolean connective

2

*.

o M,w = ., — means that M, w Eryr @
o M,w ry la]e means that M, x .., ¢ for each z € RM(w).

o M,w Eryr [U, slp means that if M,w ..., pY(s), then M[U], (w,s) Erpe ¢
where the model M[U] is defined as follows.

WMl = {(z,t) e WM x WY : M,z =r.0 PYU(H)}
for a € A,
M) = {(y,u) e WMLy € RM(z) and u € RU(t)}
Rz t) = {(y,u) e WMl .y € R¥(z) and u € RYU(t)} U
{(y,u) e WM.y = 2 and u € RY(t)}
VMO () = {(et) e WML Moo Erge i}

To say that a formula ¢ is wvalid in a Kripke model M, written M = ., ¢, means that
M, w Erper, ¢ for each world w € WM. To say that a formula ¢ is valid, written ...,
means that M =1, ¢ for each Kripke model M. When it ought not cause confusion, we
may omit the subscript “Lpgr.” when writing =7 ., -

Given a pointed Kripke model (M, w) representing a multi-agent situation and a pointed
update frame (U, s) with M, w = pY(s), the pointed Kripke model (M[U], (w, s)) represents
the situation after the occurrence of the update described by [U, s]. According to Definition
3.2, a world (x,t) must satisfy the property that M,z |= pY(t). The set {z € WM : M,z |=
pY(t)} of worlds z in M that satisfy pY(t) intuitively represents the set of worlds in M at
which the formula pY(t) can truthfully be communicated—these are the worlds at which ¢
can take place.

For each a € A, Definition 3.2 tells us that the relation RY U is determined by two factors:
agent a’s uncertainty as to which world was the case before the communication (represented

2Read — as “implies,” read V as “or,” read A as “and,” and read = as “if and only if.”
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by RM) and agent a’s uncertainty as to which communication has occurred (represented by
RY). In particular, suppose (z/,t') € R (x,t). Then if the communication corresponding
to t actually occurred at world x, then agent a will think it possible that the communication
corresponding to t' occurred at world z’.

According to Definition 3.2, the relation Ré\f U1 is determined by two factors. The first
is the interaction between the relations RY and R}, which adds pairs to RYM vl just as the

interaction between RU and RM did to Ry’ U for o € A. The second factor is the relation
RY: if there is a Y-arrow from state ¢ to state ¢ in U, then there will be a Y-arrow from
world (z,t) to world (x,#') in M[U]. The presence of a Y-arrow from ¢ to ¢ in U thus says
that the communication corresponding to t’' is to be thought of as occurring one time-step
before the communication corresponding to t. This addition to the standard definition of
updates in Dynamic Epistemic Logic [2, 3, 4, 10, 17, 19] allows us to control how an update
affects the time of worlds in the model M[U].

Finally, we see that the valuation VMUl after the update simply inherits its truth con-
ditions from the valuation V* before the update, making our updates purely temporal-
epistemac.

Example 3.3. Figure 4 illustrates the way in which the function M — M|U] defined in
Definition 3.2 produces a model M [U] from an existing Kripke model M and an update frame
U. Suppose the following figure represents our pointed update frame (U, t), representing the
asynchronous private announcement of p to only some of the agents G in the group A. The
other agents in A — GG believe that nothing happened. The Y-arrow from t to s represents
the fact that s is one time step behind ¢. State s can be thought of as a kind of non-event,
in which time does not pass; it can also occur at every world in W*. Thus worlds (z, s) in
an updated model will be seen as copies of worlds in M. Worlds (y,t) in the updated model
will represent future states.

Y
s — t
e
A-G

Figure 3: Update frame U for the asynchronous private announcement of p to group G C A

Now, consider the result of this private announcement taking place in a pointed Kripke
model (M, w) (on the left in Figure 4) in which our agents do not know whether p holds.
And the update frame M[U] (on the right in Figure 4) represents the updated model M[U]
Notice that we have a copy of M in M[U], with all relations preserved. (w,s) and (v, s) in
WML can be thought of as counterparts of w and v in W™ respectively. However, the only
world in W™ at which ¢ can be announced is w. Thus, (w,t) is the only new world created,
and since there is a Y-arrow from ¢ to s in U, there is a corresponding Y-arrow from (w, t)
to (w,s) in M[U].

The Y-arrows leaving a world represent a way to count time, or equivalently in our
discussion, the number of events which have taken place. In our example, (w,t), at which
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one event has taken place (or the time is 1), becomes the actual world in M[U]. But at that
world, agents in A— G believe themselves to be at (w, s) in which no events have taken place
(the time is 0). We can say informally that agents in A — G have their local clocks out of
sync with the global clock, since they believe that the time is 0, when in fact the time is 1.
This notion of time will be spelled out more formally, however, in Section 4.

A-G
A A

(M, w) ac(n) 2C(-p) (MU, (w,1)

v (v,5)

Figure 4: (M, w) is a pointed Kripke model in which the agents do not know whether p.
(M[U], (w,t)) is an updated pointed Kripke model in which agents in G know that p holds,
but agents in A — G do not even know that an event took place.

We now define the notion of executability, which is employed in Section 4.

Definition 3.4 (Executability). Let M be a Kripke model and U be an update frame. To
say that U is ezecutable in M means that there is a world w € WM and a state s € WY
such that M, w = pY(s).

Theorem 3.5 (Correctness). For each formula ¢, we have I ¢ if and only if = .

Proof. Let us first show the Soundness of TpgrL: F ¢ implies = ¢. The argument is by
induction on the length of derivations in Tper.. In the base case, we are to show that every
ToeTL-axiom is valid. We check each axiom in turn.

e Axiom CL is valid; that is, each axiom of Classical Propositional Logic is valid.

This follows by standard truth-table arguments.

e Axioms K, and Ky are valid.

This follows by the standard modal argument [5].

e Axiom UA is valid: = [U, s]¢g = (pY(s) — q) for q € {px, L, T}.

Given a pointed Kripke model (M, w), we argue that M,w = [U,s]q if and only if
M,w [= pY(s) — ¢. First, note that in case M,w [~ pY(s), then the result follows
immediately by the definition of truth. So let us assume that M, w = pY(s), in which
case it suffices to show that M[U], (w,s) = ¢ if and only if M,w = q. If g € {L, T},
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then the result is immediate by the definition of truth. So let us assume that ¢ = py.
We then have that M,w = py if and only if w € V¥ (p,), but the latter is equivalent
to (w,s) € VMUl(p,) by the definition of truth. The result follows.

Axiom Ux is valid: = [U, s](p x¢) = ([U, s]e % [U, s]v).

Given a pointed Kripke model (M, w), we argue that M, w = [U, s|(¢ * 1) if and only
if M,w = [U,s]p* U, s]i. First, note that in case M, w = pY(s), then we have by the
definition of truth that M, w = [U, s](¢*), M,w |= [U, slp, and M, w = [U, s]v; if this
is so, then the result follows by an inspection of each of the cases x € {—,V, A, =}.
So we may assume that M,w | pY(s). It therefore suffices for us to show that
MU, (w,s) = ¢ * 1 if and only if M[U], (w,s) = ¢ star M[U], (w,s) = 1, where
“star” is to be replaced by the English reading of the binary Boolean connective x.
But this follows immediately by the definition of truth. The result follows.

Axiom U= is valid: = [U, s]=¢ = (pY(s) — —[U, s]¢).

Given a pointed Kripke model (M, w), we argue that M, w |= [U, s|~p if and only if
M,w | pY(s) — —[U, s]p. First, note that the result follows by the definition of truth
in case M,w }£ pY(s). So let us assume that M,w | pY(s). It then suffices for us
to show that M[U], (w,s) ¥ ¢ if and only if M,w & [U,s]e. But M,w [ [U, s]e is
equivalent under our assumption M, w = pY(s) to the assertion M[U], (w, s) & ¢. The
result follows.

Axiom Ula] is valid: = [U, s][alp = (p"(s) — Nycryo[allU, s'lp) for a € A.

Given a pointed Kripke model (M, w), we argue that M, w = [U, s|[a]y if and only if
M,w EpY — A, ru(»allU, s'lp. As in the previous cases, the result follows in case
M, w W~ pY(s), so we will assume that M, w = pY(s). It then suffices for us to show
that M[U], (w, s) = [a]e if and only if M, w = [a][U, s'] for each s’ € RY(s). By the
definition of truth, to have M[U], (w,s) |= [a]e means that for each (w',s’) € WMV
with v’ € R¥(w) and s’ € RY(s), we have that M[U], (w',s) = ¢. This is equivalent
to the statement that for each w' € RM(w) and each s’ € RY(s), if we have that
M,w' = pY(s'), then we have that M[U], (w',s") = ¢. But this is itself equivalent to
the statement that M, w |= [a][U, s']¢ for each s’ € RY(s). The result follows.

Axiom U[Y] is valid: = [U,s][Y]e = (pY(s) — /\S,eRg(S) YU, s'le) A
(PY(s) — /\s'eRg(s)[Uv s'lp)

Given a pointed Kripke model (M, w), we argue that M, w | [U,s][Y]e if and only
if both M, w = pY — /\S,eRg(s)[Y][U, s'lp and M,w = pY — /\S,eRg(s)[U, s'lp. As in
previous cases, M,w [~ pY(s) implies the result, so we assume that M, w = pY(s). It
then suffices for us to prove that M[U], (w, s) = [Y]¢ if and only if for each s’ € RY(s)
and each t' € RY(s), we have M, w = [Y][U, 'l and M, w = [U,#]p. By the definition
of truth, to have M[U],(w,s) | [Y]¢ means that for each (w',s') € WMV with
w' € RM(w) and s’ € RY(s), we have M[U], (w',s') = ¢. But this is equivalent by
the definition of truth to the statement that for each v’ € R¥(w) and each s’ € WY
with M, w = pY(s’), we have that M[U], (w',s') | ¢ in case s’ € RY(s) and that
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MU, (w, s") | ¢ in case s' € RY(s). But the latter statement is equivalent by the
definition of truth to the statement that for each s’ € R{/(s) and each t' € R{(s), we
have M, w = [Y][U, s'|¢. The result follows.

This completes the base cases of Soundness. For the induction cases, we are to show that
validity is preserved under each of the rules of inference of Tpgr . We consider each rule in
turn.

e Rule MP preserves validity: &= ¢ — ¢ and = ¢ together imply that = 1.
This follows by the standard modal argument [5].

e Rule MN preserves validity: « € AU {Y} and |= ¢ together imply that |= [a]p.
This follows by the standard modal argument [5].

e Rule UN preserves validity: = ¢ implies = [U, s]ep.

Assume |= ¢ and let (M, w) be a pointed Kripke model. If M, w = pY(s), then we have
M,w = [U,s|p. If M,w = pY(s), then we have M[U], (w, s) = ¢ by our assumption
E ¢, and so M,w | [U,s|p. It follows that M,w | [U,s|ey no matter whether
M,w = pY(s). Since (M, w) was chosen arbitrarily, we have shown that = [U, se.

This completes the induction. Conclusion: F ¢ implies = ¢.

We now prove Completeness of TperL: | ¢ implies F . Completeness is proved by a
canonical model argument. We begin with some preliminary definitions. The conjunction
of a finite set S of formulas, written A S, is defined by setting AS := T if S = () and
NS == Nyeg? if S # 0. To say that a set S of formulas is consistent means that for no
finite subset S" C S do we have that = = A\ S’. The negation of “consistent” is “inconsistent.”
To say that a set S of formulas is maximal consistent means that S is consistent and that
adding to S a formula not already in S produces an inconsistent set. By a Lindenbaum
Argument, every consistent set of formulas may be extended to a maximal consistent set of
formulas. That there exists a consistent set of formulas follows by Soundness.

We define a tuple M = (W, R, V) called the canonical model as follows. W is the set of
all maximal consistent sets of formulas. For each w € W and each a € AU {Y'}, we define
w® := {¢ € LpeTL | [a]¢ € w} and then define R : (AU{Y}) — (W — 2W) by setting
R,(w) := w® Finally, we define V : {py | k € N} — 2V by setting V(py) :={w e W | p;, €
w}. We observe that the canonical model is in fact a Kripke model; after all, W # () follows
by the fact that there exists a consistent set of formulas.

The canonical model M satisfies the Truth Lemma for Let,: for each w € WM and each
Let -formula ¢, we have ¢ € w if and only if M, w = ¢. The proof of the Truth Lemma for
Lt follows the standard argument in modal logic [5].

We now argue for Completeness by contraposition: ¥ ¢ implies [~ ¢. So assume that ¥ ¢.
It follows by the Reduction Theorem (Theorem 2.11) and propositional reasoning that ¥ ¢°.
We then have that {—=¢°} is consistent and so may be extended to a maximal consistent set
w € WM where M is the canonical model. Since —¢° € w and —¢° € Lgty, it follows by
the Truth Lemma for Lgt. that M, w = —¢° and thus that M, w £~ ¢° by the definition of
truth. Applying Soundness and the Reduction Theorem (Theorem 2.11), we therefore have
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that M,w [~ ¢. Since (M, w) is a pointed Kripke model, we have shown that ¥ ¢ implies
K~ . This completes the proof of Completeness. Conclusion: Tpet, is sound and complete
with respect to its intended semantics. O

4 Properties and Preservation

In this section, we define several properties of Kripke models and update frames and then
study sufficient conditions for the preservation of these properties after the occurrence of an
update.

Definition 4.1 (7-Runs, T-Histories, T-Depth). Fix a symbol T € {Y,Y} and let F =
(W, R) be a Kripke frame for AU{Y,T}. A T-run (in F) is a finite nonempty sequence
{w; }, of worlds in F' satisfying the property that n € N and for each i € N with ¢ < n, we
have that w;,; € RE(w;). We say that a T-run {w;}", begins at wy and ends at w,. The
length of a T-run {w;}!, is defined as the number n. (Observe that the length of a T-run
is one less than the number of worlds that make up the T-run.)

A prefiz of a T-run {w;}!, is a T-run {w;}", with m < n. (Note that each T-run is a
prefix of itself.) A suffiz of a T-run {w;}_, is a T-run {v;}2, with m < n and v; = Wi (n—m)
for each i € N with ¢« < m. (Note that each T-run is a suffix of itself.) To say that a prefix
or a suffix o’ of o is proper means that o’ # o.

To say that a T-run ¢’ end-extends a T-run o means that o is a (not necessarily proper)
prefix of ¢’. (Note that each T-run end-extends itself.) To say that a T-run o is end-mazimal
(in F') means that no 7-run in F' end-extends o.

A T-history (in F) is a T-run in F that is end-maximal. (Note that a suffix of a T-
history is itself a T-history.) A world appearing at the end of a T-history in F' is said to
be T-terminal (in F). We define a function d% : W¥ — N U {oo} as follows: if there is a
maximum n € N such that there is a T-history in F of length n that begins at w, then d7(w)
is n; otherwise, if no such maximum n € N exists, then df(w) is co. We will call d%-(w) the
T-depth of w.

Definition 4.2. Fix a symbol T" € {Y,Y} and let F = (W, R) be a Kripke frame for
AU{Y,T}.
e T-Depth-Defined (T-DD). To say that F is T-depth—defined (T-DD) means that for

each world w in F, we have that df(w) # 00.?

e Non-T-Branching. To say that F' is non-T-branching means that for each w € W7,
the set R (w) has at most one member.

e T'-Synchronous. If F' is T-DD, then to say that F' is T-synchronous means that for
each a € A, each w € W¥, and each w’ € RF (w), we have that df-(w') = d%(w). The
negation of “T-synchronous” is T-asynchronous.

3We observe that if F'is T-depth—defined, then F' is T-converse well-founded (that is, for every nonempty
set S of worlds in F', there is a nonempty subset S C S such that for each w € S’, the unique T-run in
F that begins at w has length zero). However, if F' is T-converse well-founded, it need not be the case
that F' is also T-depth—defined. So the notion of T-depth—definedness is strictly stronger than the notion of
T-converse well-foundedness.
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e T'—Memory-Preserving. To say that F' is T—memory-preserving means that for each
a € A, each w € WF each v € R (w), and each w' € RE(w), there is a world
v’ € RM(w')N(RE)*(v), where (RE)* is the reflexive transitive closure of R}.4 Picture:

, T

w e w
1

a'! la
| ===

U"T* v

Given a T-synchronous frame, the well-known property of Perfect Recall (for T) [15,
16] is just T—memory-preservation.

Convention: for tuples J having a Kripke frame (W7, R’) underlying J, any use of a
property or concept from Definition 4.1 or Definition 4.2 in reference to J is meant to be
a use of that property or concept in reference to the Kripke frame (W7, R’) underlying J.
Example: for an update frame U, the expression “Y-run in U” is to be identified with the
expression “Y-run in (WY RY).”

Definition 4.3 (Kripke Model Properties). Let M be a Kripke model.

e Synchronicity (under Y -DD). If M is Y-DD, then to say that M is synchronous means
that M is Y-synchronous. The negation of “synchronous” is asynchronous.

e Non—Past-Branching. To say that M satisfies non—past-branching means that M is
non-Y -branching.

e Forest-like. To say that M is forest-like means that M is Y-DD and non—past-
branching.

e Memory-Preserving (under non—past-branching). To say that M is memory-preserving
means that M is Y-memory-preserving.® As above, in a synchronous Kripke model,
Perfect Recall [15, 16] is memory preservation.

Definition 4.4 (Update Frame Properties and Concepts). Let U be an update frame.

e Path-Preserving. A path-preserving run (in U) is a Y-run {s;}, in U satisfying the
property that for each i € N with i < n, we have = pY(s;) — pY(si+1). To say that U
is a path-preserving update frame means that each Y-run in U is path-preserving.

e Depth-Respecting (under Y -DD). If U is Y-DD, then to say that U is depth-respecting
means that for each s € WY and each s’ € R{/(s), we have that df (s') < d{/(s).

4The reflexive transitive closure R* : A — (W — 2W) of R : A — (W — 2W) is given as follows:
v" € R*(v) means that there is a finite possibly empty sequence {v;}? ; with n € N such that v; = v,
v, = ', and v;11 € R(v;) for each i € N with 1 < i < n.

SInformally, in a memory-preserving Kripke model, an agent considers a world possible at time t only if
that world was a possible future at time ¢ — 1.
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e Past State, Past-Preserving. A past state is a state s € WU satisfying the property
that pY(s) = T, that RY(s) = 0, and that RY(s) = {s} for each a € AU {Y'}. To say
that U is past-preserving means U is Y-DD and path-preserving and that every Y-run
in U can be end-extended to a Y-history in U that ends at a past state.

e Non—Past-Splitting. To say that U is non—past-splitting means that Rg(s) U RY(s) has
at most one element and RY(s) N RY(s) = 0 for each s € WY,

e Memory-Respecting (under Y -DD and non—past-splitting). To say that U is memory-
respecting means that U is Y -memory-preserving.

Having defined these properties, we investigate their preservation under the presence of
updates in the following two theorems. Theorem 4.5 concerns the behavior of past states in
update frames, and Theorem 4.6 concerns the preservation of properties in Kripke models.

Theorem 4.5 (Past State Theorem). Each of the following holds.

1. If s is a past state in U, then for each ¢ € Lpg. and each w € W we have that
M[U], (w, s) = ¢ if and only if M,w = ¢.

2. Suppose U is past-preserving, s € WY, and w € W™ satisfies M,w | pY(s). Then
there is an n € N such that for each ¢ € Lpgri, we have that M[U ] (w, s) = (V)" if
and only if M, w = .

Proof. We first prove Item 1. Let s be a past state in U, and let w € W*. We will prove
that M[U], (w, s) = ¢ if and only if M, w |= ¢ by induction on Lgt-formulas. By Theorem
2.11, we have provable equivalence between Lpgt. and Lgt., so we can restrict our attention
to the simpler case. For the base case, let ¢ be a proposition letter p. This case follows
immediately from the definition of VMUl(p). So let us proceed with the inductive case.

Suppose the result holds for ¢. The Boolean cases are stralghtforward so we will consider
only the [a] modality. Suppose M,w = [a]p, and let (v,t) € RMU( ,s). This implies
v € RM(w) and t € RY(s). This latter fact implies ¢ = s, since s is a past state. So we know
M, v |= ¢, and by the IH, M[U|(v,t) = ¢, which implies M[U](w, s) [= [a]e.

Conversely, assume M[U], (w, s) = [a]p. Since s is a past state, pU(s) = T and RY(s) =
{5}, so (v,s) € WMIULiff v € RM(w). Now for such a v, we know M[U], (v,s) = ¢, so by
the IH, M, v |= ¢. Thus M, w = [a]p. This completes the proof of Ttem 1.

We now prove Item 2. Let U be past-preserving, s € WY, and M,w }= pY(s). Since
U is past-preserving, every Y-run in U can be end-extended to a path-preserving Y history
{si}", such that s, is a past state. We will show that the length of the run is the n required
by the theorem. If n = 0, then s is already a past state, and the theorem holds by 1. Now
suppose that m < n such that for any ¢, M[U](w, s,,) = (V)" iff M,w = ¢. Now we will
consider s,,.1. Notice that since {s;}7, is path-preserving, = pY(s;,) — pY(Smy1). Thus,
(W, 5), Sms1) € RMOL Then M{UTU(w, 5m), smi1) = (VY™ il MU)(w, 5) F
()" it M, w = . O

Theorem 4.5 tells us that past states play the role of “maintaining a link to the past”
within past-preserving update frames. In particular, if s is a past state, then the submodel
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e0o of M[U] consisting of the worlds of the form (w,s) for some world w € WM is Lpgr-
o0 indistinguishable from the Kripke model M itself. So the operation (M, w) — (M[U], (w, s))
su retains a copy of the “past” state of affairs (M,w). Furthermore, if U is past-preserving,
62 then from any world in WMVl there is a finite sequence of Y-arrows that leads back to this
s13  “past” state of affairs, thereby “maintaining a link to the past.”

614 Let us now examine the preservation of properties of the Kripke model M in the presence
as of the operation M +— M|U].

a6 Theorem 4.6 (Preservation Theorem). Let U be an update frame that is executable in a
sz Kripke model M.

618 1. (Y-DD Preservation). Y-DD. If M is Y-DD and U is Y-DD and depth-respecting,
619 then M[U] is Y-DD.

620 2. (Synchronicity Preservation). If M is synchronous (and Y-DD) and U is depth-

621 respecting, past-preserving, and Y-synchronous, then M [U] is synchronous.
622 3. (Non—-Past-Branching Preservation). If M is non—past-branching and U is non—past-
623 splitting, then M[U] is non-past-branching.

624 4. (Forest-like Preservation). If M is forest-like and U is Y-DD and non—past-splitting,
625 then M[U] is forest-like.

626 5. (Memory Preservation). If M is memory-preserving (and Y-DD and non—past-branching),
627 and if U is past-preserving, non—past-splitting, and memory-respecting, then M[U] is
628 memory-preserving.

620 6. (S5 Preservation). If M is such that RM is an equivalence relation for every agent
630 a € A, and U is such that RY is an equivalence relation for every a € A, then M[U] is
631 such that B2 is an equivalence for every a € A.

s2 Proof. 1. Y-DD Preservation: Suppose that M is a Y-DD Kripke model, and U is a
e Y-DD update frame. Then given a world (w,s) € W U1 we prove our desired result by
632 double induction, with an outer induction on the depth of w and an inner induction on the
35 depth of s.

636 2. Synchronicity Preservation: The proof of this follows directly from the fol-
s37 lowing claim: suppose U is Y-depth—defined, depth-respecting, path-preserving, and past-
e3s preserving. Then dff“” (w, s) = d¥ (w) + d¥(s).

639 We prove this by induction on n = dy’ (w) + d¥(s). For the base case (n = 0), we have
0 dy (w) = 0 and d¥(s) = 0, and hence w is a Y-history and s is a Y-history. As s is a
s Y-history, s must be a past state, due to the condition that U is past preserving. The only
sz way then for a world to be in Rym(w, s) is for there to be a world in RY(w). But as

s dM(w) = 0, there are no worlds in R (w). Thus diY(w, s) = 0.
644 For the inductive hypothesis, assume that d]\YﬂU] (w, s) = dy (w)+d¥ (s) whenever djf (w)+

ws dY(s) < n. Now suppose that (w, s) € WMl and dy (w) + df(s) = n + 1.
646 We first show that dé\,/[[U] (w,s) > n+1. Let us first suppose that dg(s) =k+1for k> 0.
@7 Then there is s € RY(s) for which dg(s’) = k. Since U is path preserving, (w,s’) € WML
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and by the inductive hypothesis, dfﬂU] (w,s") =n. As (w, S)Ry[U](w, s, dym (w,s) >n+1.
Suppose instead that df/(s) = 0 (and hence dy’ (w) = n + 1). Then there is w' € RY (w)
for which d™(w’) = n, and by the inductive hypothesis, d}]\,/[[U] (w',s) = n. Since U is past
preserving, s is past state, and hence (w, S)Ré\//[[U] (w',s). Thus dé\,/[[U] (w,s) >n+1.

Next we show that dé\,/[[U] (w,s) < n+ 1. Suppose that (w,s)Ré\,/[[U] (w',s). Ifw =,

then since w’ ¢ RM(w), we must have that sRYs'. As d¥(s') < d¥(s), it is the case that
A (w)+d¥(s') < n, and we can apply the inductive hypothesis to get that di\,ﬂU] (w',s") <n.
If w # w’, then d) (w') < dyY (w). Since U is depth respecting, d¥/(s') < dy’(s), and by the
inductive hypothesis, dy [U](w’ ,s') < n. Hence dy [U](w, s) < n+1. This concludes the proof
of the claim.

If (w, s)RY U (w', s'), then wRMw' and sRVs'. By synchronicity of M, d¥ (w) = dM (')
and by synchronicity of U, d¥(s) = d¥(s’). By the claim, dym (w,s) = d]\YﬂU] (w', 8.

3. Non-Past-Branching Preservation: Suppose that U is nonpast-splitting and
that M is non—past-branching. Suppose also that (w, s)R}({[M}(w’, s') and (w, S)Rg[M] (w”, s").
Note that sRs’ and sTs” for S,T € {RY, RY}. Thus s’ = s”, for otherwise RY U RY is not
a partial function, thus violating a property of U being non-past-splitting. Then by our
assumption of the relations in U, R =T. If R = RY, then w = v’ = w” If R = RY, then by
partial functionality of RY w' = w”. Thus (v, s') = (w”,s").

4. Forest-like Preservation: Suppose U is Y-DD and non—past-splitting. Suppose
also that M is forest-like. Then M is Y-DD and non—past-branching. As U is Y-DD, by part
(1) of this theorem, M[U] is Y-DD. As U is non—past-splitting, by part (3) of this theorem,
MIU] is non—past-branching, and hence M[U] is forest-like.

5. Memory Preservation: Suppose U is past-preserving, non—past-splitting, and
memory-respecting, and suppose that M is Y-DD
Suppose that (ms)RfﬂU} (w',s'") and (w, s)Ri\ﬂUj (v,t). We consider two cases: s is a past
state, and s is not a past state. In the first case, wRMw' and wRMv. Then since M is
memory preserving, v can be extended to a Y-run {v;}", for which v = vy and w'RMu,,.
Note that n can be 0. Then {(v;, )}, is a Y-run in M[U] for which (w’, s") RM (v, t).

Suppose instead that s is not a past state. Then w = w’, sRYs’, and both sRYt and
wRMv. Then t can be end-extended to a Y-run {t;}7_, for which ¢ = ¢, and s'RYt,,. Note that
n can be 0. Because U is past-preserving and non—past-branching, U is path preserving, and
hence {(v,#;)}7, is a Y-run in M[U]. As w = w', wRMv, and s'RUt,, (w',s")RMUl(v,t,).

6. S5 Preservation: To see that R is reflexive, consider a world (w,s) € WML,

As RM and RV are reflexive, wRMw and sRVs. Hence (w,s)Ra"" (w, s).

To see that RYY is symmetric, suppose that (w, s) i [U](w’ ,8"). Then wR™w' and

sRYs'. By symmetry of wRMw and sRYs, w' RMw and s'RYs, and hence (v, s') RMV(w, s).

To see that Ry’ is transitive, suppose that (w,s) M1 (w',¢") and (w’, s’)R(]y[U] (w”, s").

Then wRMw' and w' RMw”, and by RM transitivity, wRMw”. Similarly sRYs" and s'RYs",

and by RY transitivity, sRYs". Hence (w, s) fl\/[[U}(w”, s"). O

23
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5 Embedding Standard DEL

In this section, we show that standard (Temporal) Dynamic Epistemic Logic, which contains
neither Y- nor Y-arrows, can be embedded in our framework in a natural way. This provides
clear connections between our work and the work in [8, 12, 15, 16, 20] on (Temporal) Dynamic
Epistemic Logic, which will be described at the end of this section.

Definition 5.1 (Standard). Choose T € {Y,Y }. To say that a Kripke frame F' for AU{Y,T"}
is standard means that for each s € W' we have RE(s) = RE(s) = (0. To say that a Kripke
model or an L-update frame is standard means that the Kripke frame underlying that model
or L-update frame is standard. To say that a pointed Kripke model or a pointed L-update
frame is standard means that the Kripke model or L-update frame making up the first
component of the pair is standard.

Definition 5.2 (Ltpg; [8]). LtpeL is the Language of Temporal Dynamic Epistemic Logic.
The LtpgL-formulas are the formulas that may be formed by the grammar obtained from
that in Definition 2.5 by adding the following formula-formation rule: if ¢ is an Ltpg-
formula and (U, s) is a standard pointed L-update frame with () # L C Ltpg,, then [U, s]p
is an Lypg -formula. Ltpg. consists of the Lypg -formulas along with the L-update frames
for which @ # L C LtpgL.

Notation 5.3 (Sequences). Let 7 be a finite possibly empty sequence. We write 7 - z to
denote the sequence obtained from 7 by adding x at the end. The operator “” associates
left, so 7-2 -2’ means (7-x)-z’. We write € for the empty sequence. The number of elements
in 7 is denoted by |7|. If 7 is nonempty, then last(7) denotes the last member of the sequence
T.

Definition 5.4 (Adapted from [9, 12, 15, 16, 20]). A run is a nonempty finite sequence
{M;}, of Kripke models satisfying the property that for each i € N with ¢ > 0 and each
w € Wi we have that w is of the form (w’,s) for some w' € WMi-1. A pointed run is a
pair (r - M, w) consisting of a run 7 - M and a world w € W; the world w is called the
point of (r- M,w). A standard run is a run whose constituent pointed Kripke models are
all standard. A standard pointed run is a pointed run (r,w) whose constituient run r is
standard. An L event-run is a finite possibly empty sequence of pointed L-update frames.
A standard L event-run is an event run whose constituent pointed L-update frames are all
standard.

Notation 5.5 (Projection Functions). We define projection functions m; and 7, on pairs in
the usual way; that is, mi(a,b) := a and m(a,b) :=b. For each i € N and each j € {1,2},
we define the function m¢ according to the following induction: 79(w) = w and 74! (w) =

. : ; J
mj(mi(w)). We often write 7 in place of m; and 7* in place of ;.

Definition 5.6 (Ltpg -Truth; [8, 15, 16]). We define a notion of truth for Lypg -formulas
at standard pointed runs by an induction on the construction of Ltpg -formulas.

e nw %LTDEL 1 and 7, w ):LTDEL T

o 7 M,w Er, pr means that w € VM (py).
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T, W ELpe @ * ¥ means that r,w Ep . ¢ star m,w Er ¥, where “star” is to be
replaced by the (mathematical) English reading for the binary Boolean connective *.

T W Loy, @ means that row FEpoo ¢
For a € A: r- M,w ., [a]p means that r- M, x .., ¢ for each z € RM(w).
r- M, w FELe [Y]e means that if r # €, then r, m(w) FErpe @

r- M,w Ere U, sl means that if we have r - M,w ., pY(s), then, letting
r’:=r- M, it follows that v’ - '[U], (w, s) FErLpe ¥, Where '[U] is the standard Kripke
model defined as follows.

W] = {(z,t) e WM x WV :v' - M,z =r, PU (1)}
for a € A,

Ry @, t) = {(y,u) e W'V :y € RM(2) and u € RV (t)}
RTYI[U](x,t) = 0
VU (py) = {(z,0) e W' Mx gy pi}

72 When it ought not cause confusion, we may omit the subscript “Ltpg.” in writing =1 pe -
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Definition 5.7 (Generated Structures). Let (M, w) be a standard pointed Kripke model.

o If o = {(U;,s;)}, is an Lpg. event-run, then (M, w) ** o, the pointed Kripke model

that is point-generated from (M, w) by o, is the pointed Kripke model (M,,, w,,) having
the largest integer m < n subject to the following restrictions: if (Mg, wy) = (M, w)
and (M;,w;) = (M,w) %P g; for each j € N with j < m, then the following hold.

= wiy1 = (W), Sj41)-

= (M}, w5) Frpen, PP+ (541) and My = M;[Uja].
Note: “I=rper.” and M;[U;41] are given by Lpgr -truth (Definition 3.2).

If o = {(U;, )}, is a standard Lypg. event-run, then (M, w) %° o, the pointed run

that is sequence-generated from (M,w) by o, is the pointed run ({M;}!",, w,,) having

the largest integer m < n subject to the following restrictions: if (My, wy) = (M, w)

and w; is the point of (M, w) %° ¢; for each j € N with j < m, then the following hold.
= wipr = (W), 8511)-

— ({MY_g, w;) Erre PP (8551) and My = {M;}_o[Uj44].

Note: “Eppe” and {M;Y_,[U;41] are given by Lypg-truth (Definition 5.6).
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g = qforqe{p, L, T}

(pru)fn = pftxyin
(o= (e
([a]p)in = [a](¢p™) fora€ Aora=Y,n=0
([Y]p)im = [Y]e*™=Y for n > 0
(U slp)in = [U, s](oHHD)
WU = UWw{p} (disjoint union)
fora € AU{Y, Y}, RVU(s) ifa#Y and s #b,

{d} ifa#Y and s =b,
{d} ifa=Y and s # b,
0 ifa=Y and s =b.

RU™(s) =

U(s))™ " if s
0 (s) i {(Tp )7 AL e g

Figure 5: Definition of fin : Ltpgr — LpetL for n € N

Definition 5.8 (r]). Let (r,w) = ({M,}}_,, w) be a standard pointed run sequence-generated
by a standard Ltpg. event-run from a standard pointed Kripke model. We write (r,w)] to
denote the pointed Kripke model (M, w) defined in the following way.

wH = Ui wr
RM(v) = RMi(v) for i € N with v € Wi
RM(v) = { {v'} ifv=(v,s) e WM withi >0

®  otherwise

Definition 5.9 (tn, f). For n € N, we define the function #n : Ltpg. — LperL and
in Figure 5. If 0 = {(U;,s;)}", is a standard Lypg. event-run, then we define of :=

(U s,

Lemma 5.10. Let (M, w) be a standard pointed Kripke model and let o be a standard
L+tpgL event-run. Then for each ¢ € L1pg,

(M, w) *° o [=pop, ¢ if and only if (M, w) " o* =1, ¢,

Proof. We prove this by double induction. The inductive hypotheses assume that for any
standard pointed Kripke model (M, s) and any standard Ltpg_ event run o,

(M, w) ** 0 |=r0 @ if and only if (M, w) *P of |=p ., ¢F°]
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The outer inductive hypothesis requires that ¢ have update modal depth k.° The inner
inductive hypothesis requires that ¢ be a strict subformula of given formula . The base
cases and most inductive cases are straightforward, so we focus our attention on the most
interesting sub-induction cases:

Case ¢ = [Y]p: Given a pointed Kripke model (M, w) and a standard Ltpg. event run
o of length n, let (M, w) ** o* = (IV,v). Then the following are equivalent:

L. (M w) * 0 ):LTDEL [ ]90
2. n > 0 implies (M, w) *° an 1 FLpe @ -
3. n > 0 implies (M, w) " 0% | =1, gpﬁ( N

4. n > 0 implies (N, (7(v),b)) Frpe, 'Y .
S (M w) +* o ):LDETL ([Y} )

The equivalence (1) < (2) is by definition of ** (Definition 5.7). The equivalence (2) < (3)
uses the inner inductive hypothesis. The equivalence (3) < (4) follows from Theorem 4.5
part 1. The equivalence (4) < (5) comes from the fact that {(m(v),b)} = R¥(v) and
([Y]p) = V)i,

Case ¢ = [U, s]¢: Suppose 1 have update modal depth k + 1. Given a pointed Kripke
model (M, w) and a standard Ltpg. event run o of length n, the following are equivalent:

1. (M,w)** 0 =L (U, sle

2. (M,w) *° 0 |=rpn PY(s) implies (M, w) *° (6 - (U, 3)) FrLpn © -

3. (M,0) % 0 Eppon, 07(5) A (V)" [Y]L implies (M, ) #* (0 - (U, 9)) Fron -

4. (M, w) #* 0% =po e PU () A (Y)P[Y]L implies (M, w) #° (o - (U, 8))* FEppen @ " .

S (M’ w) +* o ):LDETL ([U’ S]Qp)ﬁn :

The equivalence (1) < (2) is by definition of Lypg -truth (Definition 5.6) and *° (Defi-
nition 5.7). The equivalence (2) < (3) holds because ¢ has length n. The equivalence
(3) < (4) uses the outer inductive hypothesis on both the premise and conclusion of the
implication. The applicability of the inductive hypothesis to the premise follows from the
fact that the update-modal depth of pY(s) A (Y)"[Y] L is strictly less than the update-modal
depth of [U,s]p. The equivalence (4) < (5) follows from the definitions of Lpgr. truth
(Definition 3.2) and of #® (Definition 5.7) and the fact that ([U, s]p)™ = [U*", s]p!™ 1) and
pV" (s) = pU(s) A (Y)"Y] L. O

Theorem 5.11 (Isomorphism Theorem). Let (M, w) be a standard pointed Kripke model
and let o be a standard Ltpg_ event-run. Then ((M, w) ** U)l and (M, w) ** o* are isomor-
phic.®

6The update-modal depth d(x) of a LpgTL-formula  is defined by the following induction: d(gq) := 0 for ¢ €
{L, T, e}, dlex) == max{d(p),d(s)}, d(=¢) := d(p), d([alp) := d(¢), d([U, s]¢) := 1 +max{d(V),d(p)},
A(0) = 1 4+ max,cyo {d(pY (5))}

If n—1=0, then (M,w) ** 0,,_1 = (M, w).

8To say that two (pointed) Kripke models are isomorphic means that there exists an isomorphism between
them. An isomorphism between Kripke models M and M’ is a bijection f : WM — wM’ satisfying each
of the following: (i) v € V™ (py) if and only if f(v) € VM (py) for each k € N, and (i) u € RM (v) if and
only if f(u) € RM (f(v)) for each a € AU{Y}. An isomorphism between pointed Kripke models (M,w) and
(M'’,w’) is an isomorphism f between M and M’ for which f(w) = w’. See [5] for more information.
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Proof. Let o = {(U;,s;)}™, with m € N satisfying m < n; for £ € N with k£ < n, let
(M, wy,) := ((M,w) **0y,) | and let (M, Wy,) = (M, w) *P a,ﬁg. Also, for each k < n, let M,;fl
and Mkz ffr ! be the submodels of M, consisting respectively of the worlds in WMkt with
Y depth at most k£ and of the worlds with Y depth £+ 1. Similarly, we let M kgfl and M y ff“ !

be the submodel of M, consisting respectively of the worlds in WMkt with Y depth at
most k and of the worlds with Y depth k + 1. Then for 0 < k < n, we define two functions:

Let fj, : WMs — WML be the identity function.
Let f : W WML be defined by fk(w) = (w,b).

Note that (M, w,) = (Mo,wo) = (M,w). Let fy: WMo s WMo bhe the identity function.
Then for 0 < k < n, we define three functions:

Let gyr - WY — WS be defined by gesr(w) = (fi o fio fi)(w).
Let hyi1 : WM WM be defined by hii1(v,s) = (ge(v), s).

g1 (w) ifwe WMEJEI,

Let fryq : Wit — Whesr be defined by fiy (w) = '
hii1(w)  otherwise.

Regarding definability, the only issue that is likely to be of concern is the range specification
of hy. We prove by induction on k that fi(v) € WV whenever (v) € WM" (note that
fr and hy coincide for such v). The base case is k = 0, which is immediate from definition.
To obtain the inductive step, assume the desired result holds for k. Then the following are
equivalent.

k+1

1. (v,s) € WMtk
2. ve WM™ and (M, 7k (v)) ° 7 =p,n DY+ (), where 7 = {(Us, mo(mF 70 (0)) }2_,.

3. fu(v) € WM and (M, 7%(v)) #° 7 ryer, PP+ (s), where 7 = {U;, mo (7 ()15,
4. fri1(v,s) € WM

The equivalences (1) < (2) and (3) < (4) are almost directly from the definitions. Note
that fry1 and hyyq coincide here. The equivalence (2) < (3) follows from both the inductive
hypothesis and from Lemma 5.10.

The goal of this proof is to show that f,, is an isomorphism, and we will prove this by
induction on f;. The base case is fy, which is the identity function; and as the domain and
range have identical structures, the identity function is an isomorphism. We next assume
that fx is an isomorphism, and we wish to show that fy,; is too. We will be aided by the
observation that gx; is already an isomorphism, as it is the composition of three 1som0rph1(:
functions: fk, which is isomorphic by definition, f; by the inductive hypothesis, and fk 41 by
being the identity function.

We first prove that fi,; is a bijective function. Since f;,; is the pasting together of g4
and hyy1, where g1 and hyy; have disjoint domains and disjoint ranges, the bijectivity
of fri1 follows from the bijectivity of both gr,; and hyyi, whose bijectivity we will now
justify. The function gr.; is bijective since it is isomorphic. The bijectivity of hpii is
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slightly more involved. To see that it is injective, note that hy,; can be extended to an an
injective function, namely the product of f; with the identity on WUs+1 which being the
product of injective functions is injective. To see that it is surjective, we observe by the
inductive hypothesis that f; is surjective. Thus if we pick a point (v,s) € WMk:flJrl, then
(fi'(v),s) € WMET and hi1(fy ' (v),s) = (v,s). Therefor hy is surjective, and thus
bijective too.

So what remains in showing that fi.; is an isomorphism is to show the following items:

(i) v e VM1 (p,) if and only if fryq(v) € Vi1 (p) for each k € N,
(i) v € Ré\z’““(v) if and only if frq1(v') € Rﬁ”’@“(fkﬂ(v’)) for each a € A,
(iii) o' € Rg’“*l(v) if and only if fr (V') € ng+1(fk+1(v’)), and
(iv) fr1(Wr41) = Wie1-

For (i), since gx41 is an isomorphism, it suffices to take (v, s) € W™ and show that
(v, s) € VMe+1(py) if and only if fiiq(v, s) € VM+1(py). But by the definition of Lypg,-truth

(Definition 5.6), we have (v,s) € VM+1(p,) if and only if v € VM*(p). By the inductive
hypothesis, we have v € V¥ (p,,) if and only if fi(v) € VMr(p,). Applying the definition of

Lperi-truth (Definition 3.2), we have f,(v) € V¥ (py) if and only if (fi(v),s) € VM (py,).
This completes the proof of (i).

For_(ii)7 since gg41 18 an isomorphism, it suffices to take v € WY and show that
v € RY™(v) if and only if fri1(v)) € Ra™ (fiur1(v)). Now v € WM implies v = (u,s),
and the fact that Uy, is standard implies that v = (u/, s"). Then the following are equivalent.

1. (v,¢) € Rfl\z’““(u, s).

2. u' € RMk(u) and s’ € RVx(s).

. #
3. fr(u) € RV(fi(u)) and s € Ry*(s).
4. (fulu'),s") € RMes1(f(u), s).

The equivalence (2) < (3) follows from the inductive hypothesis and the definition of U?.
This completes the proof of (ii).

For (iii), since g1 is an isomorphism, it suffices to take (u, s) € WM 1, and show that

vE Ryk“(u, s) if and only if friq(v) € RMe+1(fy i1 (u, s)). The following are equivalent:

l.ve Rg’c“(u,s).
2. v=u.

3. (fk<v)’ 8) = jjk-i—l(“ﬁ 5)'
4. fr(v) € BY (i (u, ).

The equivalence (1) < (2) follows from the definition of Ry'**'. The equivalence (2) < (3)
makes use of the definition of hi,; and the injectivity of f; from the inductive hypothesis.
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The equivalence (3) < (4) follows from the fact that fy11(v) = Ry """ (fe1(v), s)) and the

injectivity of R?f’““. This completes the proof of (iii).

For (iv), the Y-depth of w11 in M4y is k + 1, from which it follows that @y, = (v, 5)
for some w' € M, with Y-depth k. Further, we have that fiy,i(w',s) = (fe(w'),s) =
(W, $) = Wgs+1. This completes the proof of (iv), thereby completing our proof that fiq is
an isomorphism between (My 1, Wy,1) and (Mk+1, wWg+1) and so completing the proof of the
theorem. O

The Isomorphism Theorem (Theorem 5.11) allows us to view results about Kripke models
that have been sequence-generated by standard Ltpg. event-runs as results about (Temporal)
Dynamic Epistemic Logic—and the other way around. In particular, [15, 16] studies certain
structural properties of the forest structure given by a run (M, w)*°c that has been sequence-
generated from a standard pointed Kripke model (M, w) by a standard Lgt. event-run o. In
[15, 16], the authors define what it means for the run (M, w) ** o to be synchronous (among
other properties) and then show that every run sequence-generated from a standard pointed
Kripke model by a standard Lgt event-run is synchronous.” Our Preservation Theorem
(Theorem 4.6) works together with the Isomorphism Theorem (Theorem 5.11) to provide
a different perspective on this synchronicity result. In particular, our work shows that the
results of [15, 16] can be viewed as a consequence of the structural properties that are present
in an update frame U*", produced from a standard update frame U, thereby pinpointing the
source of the synchronicity result in the structure of standard update frames themselves.

Corollary 5.12. Let (M, w) be a standard pointed Kripke model and let o be a standard
event-run. Then Iast((]\/[ ,w) P Uﬁ) is synchronous and memory-preserving.

6 Examples

Suppose Passengers a and b are traveling together by train in China. Further, suppose Pas-
senger a understands Mandarin but that Passenger b does not, though Passenger b mistakenly
believes that they are both equally ignorant of the language.

6.1 Public Communication

First consider the scenario in which an announcement in English (which both passengers
speak) is made over the loudspeaker. This consists of the public announcement of a formula
p. This update frame is represented in Figure 6.

The past state s will copy the worlds in the original Kripke model, while ¢ represents the
announcement of ¢. Notice that when it occurs, all agents believe that it did. Further, the
Y arrow from t to s represents the fact that ¢ occurs one time-step after s.

9f (M, w) #* o is a run sequence-generated from a standard pointed Kripke model (M, w) by a standard
Lety event-run o, then the definition in [15, 16] would have us say that (M, w) x° o satisfies synchronicity if
and only if ((M,w) *° )| is synchronous (according to our Definition 4.3).
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Figure 6: Update frame for the (synchronous) public announcement of ¢

tq
Y a
S1 P S9 X t2
a,b,YC@ b a7b,Ya
y b
a,b
(Ur, 1) ! (Us, t2)

Figure 7: Update frames for the synchronous (left) and asynchronous (right) private an-
nouncement of p to a.

6.2 Synchronous and Asynchronous Private Communication

Now consider two scenarios in which an announcement in Mandarin about a delay in arrival
is made over the loudspeaker.

1. Passengers a and b are both awake and alert during the announcement.

2. Passenger a is awake and alert, but Passenger b, who is sleepy, dozes off and sleeps
through the announcement. Waking up a few minutes later without knowing that the
announcement occurred, Passenger b mistakenly thinks that instead of sleeping for a
few minutes, he merely blinked.

Taking p to be a propositional letter denoting the statement about late arrival, we repre-
sent the three scenarios in our framework using update frames (Uy, t1), (Us, t2), and (Us, t3),
respectively pictured on the top left, top right, and bottom in Figure 7.

In the first scenario, Passenger b knows that an announcement has taken place, but it
provides him with no new information—nor does he believe that a gained any information.
In effect, this is a synchronous private announcement to a; after all, both a and b know that
an announcement occurred—so the event is synchronous—but only a knows the content
of the announcement—so the event is private to a. In Figure 7, s; and u are states in
which no new information is conveyed (since T is always true and thus conveys no new
information), while ¢; is a state in which the message p is communicated. Since ¢; and u are
each connected to s; using a Y-arrow, the communications they represent occur one time-
step after the communication represented by s;. Since s; has a reflexive z-arrow for every
x € {a,b, Y}, state s; is in fact a past state; so by the Past State Theorem (Theorem 4.5),
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state s; represents a description of the situation prior to the update f(y,s,). At state ti,
Passenger a believes that t; represents the only possible communication, while Passenger b
believes that u represents the only possible communication. Since both u and ¢; are one
time-step after the past state s;, the update (Uj,t;) describes a situation in which it is
common knowledge that one time-step occurs. So we see that

= (=(Y)T A=blp) — [Un, 6] ([l (Y)T Alalp A [DJ(Y)T A =[b]p).

That is, if no event has yet occurred and Passenger b does not believe p, then, after the
occurrence of (Uy, t1), Passenger a believes that an event occurred and that p is true, whereas
Passenger b believes that an event occurred but does not believe that p is true.

In contrast, the second scenario is in effect an asynchronous private announcement to
a. After all, while Passenger a knows that an announcement occurred and she knows its
content, Passenger b has two mistaken beliefs: first, that no announcement occurred, and
second, that the amount of time between closing and later opening his eyes is essentially
negligible. b thus does not even think it possible that an event has occurred. Since the
announcement results in b having a mistaken belief about the number of events that have
occurred, the announcement event is asynchronous. At state ty in Figure 7, Passenger a
knows that p is communicated, but Passenger b mistakenly believes that no event took place
because the only state he considers possible is the past state so. Accordingly, we see that

= (V)T A=[blp) — [Uz, ta] ([al(Y)T A falp A= [bKY) T A =[b]p).

That is, if no event has yet occurred and Passenger b does not believe that p is true, then,
after the occurrence of (Us,ty), Passenger a believes that an event occurred and that p is
true, whereas Passenger b believes neither that an event occurred nor that p is true.

These scenarios demonstrate the way in which our framework uses Y-arrows to describe
synchronous and asynchronous private communications. In particular, we see that Y -arrows
can be used to describe updates that need not preserve synchronicity, as is the case with the
asynchronous private announcement.

6.3 Asynchronous Semi-Private Communication

Now consider two further scenarios in which passengers observe the passage of stations.

1. Passenger a is awake, but Passenger b dozes off. While he is asleep, the train passes
a station. Waking up a few minutes later, Passenger b is unsure whether or not any
stations went by. In this case, there is only a single event taking place.

2. Both passengers are awake and alert as a station passes by. Then, the event described
above occurs, where Passenger a remains awake, but Passenger b sleeps through the
passage of a second station, and wakes up unsure whether any stations went by. In
this case, there are two events taking place.

These scenarios are represented as (Uy, t1) and (Us, to), respectively in Figure 8.
The first scenario represents an asynchronous semi-private announcement. Passenger
a knows that an announcement occurred. However, Passenger b does not know whether
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Figure 8: Update frame for the one-step (left) and two-step (right) semi-private announce-
ment of p to a

an announcement occurred, but holds it possible that one did. In this case, b does not
have a mistaken belief about the number of events that have occurred, but is uncertain
whether there was one event or none. At state t; in Figure 8, Passenger a knows that p is
communicated, but Passenger b does not know whether the actual world is t3 or the past
state sz, in which no event took place. Accordingly, we see that

= (W) T A=Bp A B)p) — [V 6] ([al(Y) T A falp A= [BIY)T A B)Y)T A[blp A (b)p).

That is, if no event has yet occurred and Passenger b does not believe that p is true, but
holds it possible, then, after the occurrence of (U, t;), Passenger a believes that an event
occurred and that p is true, whereas b does not believe that an event occurred, but holds it
possible, and does not believe that p is true, but holds it possible. In this case, equivalence
relations are not preserved, because there can be no arrows going from a past state to a state
which is not a past state.

The second scenario is also an asynchronous semi-private announcement, which, but with
one key technical difference: equivalence relations are preserved. Because t; is not a past
state, there can be arrows leaving it. So while the description is in essence the same, (Us, t5)
allows us to see that equivalence relations can be preserved if we allow ourselves two events.

Now, after this update, we could imagine the train’s arrival at the final stop along the
track, just as in the public announcement represented in Figure 6. In that case, both
passengers would know their location. In particular, Passenger b would knows that he missed
counting a stop along the way. Thus, we will have = K,({Y)?*T A [Y]?>.L). So Passenger b
knows that two events have taken place.

6.4 Non—Memory-Preserving Communication

Now consider a different scenario. Suppose Passenger b asks his English-speaking neighbor,
Passenger a, whether the last station was Tianjin. Passenger a gives him an answer, so
b knows either p or —p. The two then continue on their journey and share a few drinks.
However, having a head neither for city names nor for alcohol, Passenger b forgets what
his neighbor’s answer was, though he remembers the exchange. So while he then does not
know whether p, he knows that before drinking he knew whether p was true or false. This
is represented in Figure 9.
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Figure 9: Update frame for memory not being preserved

Figure 9 presents an example of an update frame that is not memory-preserving, but
preserves synchronicity and equivalence relations. It is not a standard DEL update frame,
however, because there are Y arrows; the update represents a two-step event. However, if
we picture the initial Kripke model as consisting of two worlds, one in which p holds and the
other in which p is false, where the agents have the largest possible epistemic relations, we
will find that they come to know either p or —p after the first step, and then fail to know it
after the second step (though they will know that they once knew it). So this is an instance
of agents forgetting a proposition. Other work, particularly [18], has considered more direct
mechanisms for agents’ forgetting the value of a proposition letter.

7 The Next Step

In its technical essence, this paper is about adding a new type of arrow—the Y -arrow—to
update frames and then studying what we can do when the “product update” operation
M — MU due to [3, 4] is extended in such a way that this arrow-type describes a new kind
of operation for use in building an updated Kripke model M[U] from an initial Kripke model
M. In the definition of truth (Definition 3.2), we endowed the Y-arrow with the following
meaning: a Y-arrow, when present between states s € WV and s’ € WY, says that there
is to be a Y-arrow between worlds (w,s) € WMl and (w',s") € WMIULif w = w’. So the
presence of a Y-arrow in an update frame specifies a sufficient condition for the creation of
a Y-arrow between two worlds in the updated Kripke model M[U].

Arrows in a standard update frame U also specify conditions on the creation of arrows
in the updated Kripke model M[U]. In particular, for a € A, if there is an a-arrow between
s € WY and s’ € WY, then there is to be an a-arrow between (w, s) € WMVl and (v', ) €
WMIULif there is an a-arrow between w € M and w’ € M. Otherwise, if there is not an
a-arrow between s € WY and s’ € WY—which we will also express by saying, “there is a
non-a-arrow between s € WY and s’ € WV”—then there is to be no a-arrow between worlds
(w,s) € WMIUL and (w',s") € WML So we might say that standard update frames have
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two types of arrows: the a-arrow and the non—a-arrow. The update frames from this paper
add a third kind of arrow, the Y-arrow, into the two-arrow framework of standard Dynamic
Epistemic Logic.

When we look at each of the three arrow types studied in our framework—the a-arrow,
the non—a-arrow, and the Y-arrow—we see that each type specifies a logical condition for the
creation of certain kinds of arrows in the updated Kripke model M[U]. An update frame U
combines these logical conditions into a single logical statement that says for each possible
arrow a € AU {Y} exactly when it is that there is to be an a-arrow between states (w, s)
and (w’, s') in the update Kripke model M[U]:*

e For a € A, the a-arrow creation condition says that there is to be an a-arrow between
(w,s) € WML and (w', s") € WMIUTif and only if there is an a-arrow between w € WM
and w' € WM and there is an a-arrow between s € WY and s’ € WY.

e The Y-arrow creation condition says that there is to be a Y-arrow between (w,s) €
WML and (w',s") € WMWUlg if and only if (i) there is a Y-arrow between w € W
and w' € WM and there is a Y-arrow between s € WY and s € WY or (ii) w = v’
and there is a Y-arrow between s € WY and s’ € WVY.

These creation conditions are fized logical statements about the structure of M and of U. But
there are natural logical statements we might like to associate with the creation of certain
kinds of arrows in the updated model M[U].

For example, let us use the expression Ta-arrow to refer to new update frame arrow-
type that, when present between states s and s’ in U, makes it so that there is an a-arrow
between (w, s) and (w',s’) in the updated Kripke model M[U]. So if we use the Ta-arrow
in conjunction with the standard a-arrow, then we are led to the following modified a-arrow
creation condition: there is to be an a-arrow between (w, s) € WMVl and (w', s') € WMIUL if
and only if (i) there is an a-arrow between w € W and w’ € W and there is an a-arrow
between s € WY and s’ € WY or (ii) there is a Ta-arrow between s € WY and s’ € WY,
The modified a-arrow creation condition allows us to model certain kinds of “forgetting,” as
the following small example due to Barteld Kooi (in a private communication) demonstrates:

the update frame
G

S

operates on a Kripke model M by producing a Kripke model M[U] in which R (w,s) =
WML for each (w,s) € M[U]. Informally, agent a would “forget” anything he knew in
M. (Compare this with the work on “introspective forgetting” in [18], which uses valuation
changes to study a different but related formal notion of forgetting.)

As this example and our work with the Y-arrow suggest, we could greatly extend the
reach of the Dynamic Epistemic Logic approach in a number of interesting and useful ways if

10Note that this logical statement is always consistent by the way the operation M +— M|U] is defined in
Definition 3.2. In particular, we have the following two items: (i) for a € A, there is a non—a-arrow between
s and ¢’ in U if and only if there is not an a-arrow between s and s’ in U; and (ii) there is a non-Y-arrow
between s and s’ in U if and only if there is neither a Y-arrow nor a Y-arrow between s and s’ in U.
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we were to devise a language enabling us to explicitly specify the arrow creation conditions
in the “product update” operation M +— M[U]. What we wish to do now is to sketch
our progress in this direction by introducing our arrow-precondition language, which is an
extension of the following hybrid language.

Definition 7.1. Let S be a nonempty finite set of symbols. HL(@,, V', S) consists of the
formulas formed by the following grammar.

o = LT pelz|lexe|np|[mle|Qp|Vzyp
keN, xe{— V,A\,=},meS

Note that this language contains no nominals and has the one and only variable z.

Definition 7.2. Let S be a nonempty finite set of symbols and let L be a language having
unary modals [a] for each m € S. A general L-update frame is a tuple (W, p,a) for which

e IV is a nonempty set whose members will be called states (in U),
e p: W — L is a function mapping each state s € W to an L-formula p(s),

a: S — (WxW — L), which will be called the arrow-precondition function, is a
function mapping each symbol m € S to a function a,, : W x W — L.

We adopt similar superscript-notion for general L-update frames as we did for update frames
(Definition 2.4); pointed general L-update frames are defined similar to how we defined
pointed L-update frames (Definition 2.4).

Definition 7.3. Lpg ., the Language of Dynamic Epistemic Logic with Arrow Preconditions
and Yesterday, is the extension of HL(@,,¥*, A U {Y'}) obtained by adding the following
formula-formation rule: if ¢ is an Lpg -formula containing no free variables and (U, s) is
a pointed L-update frame satisfying the property that every L-formula is also an Lpg -
formula containing no free variables, then [U, s|¢ is an Lpg 4-formula. A (pointed) general
update frame is a (pointed) general Lpg ;-update frame.

The notion of truth for Lpg 4-formulas is given with respect to pairs ((M, w), g) consisting
of a pointed Kripke model (M, w) and a world g € W that will be called the designated
world. The key clauses in the inductive definition of truth for Lpg -formulas, most of which

are standard [13], are as follows.
[ J

g E z means that w = g.

(M, w),

e (M,w), g [= @.p means that (M, g),g = ¢.

o (M,w),g | Vz.p means that (M,w), g | ¢ for each ¢ € WM.
(M, w), g = [a]e means that (M,w'), g = ¢ for each w' € RM (w).
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o (M,w),g E [U, s]¢ means that if (M,w),g | pY(s), then (M[U], (w,s)),(g,s) E «,
where M[U] is defined by

MUl = {(v,t) e WM x WV : (M,v),9 = p¥ (1)} ,
RMTp 4y = {(v,¢) € WMIUL: (M, v),0 = al(t,t')} , and
VI ) = {(v,t) e WM (M), g = pi}

Choosing a Lpg4-formula ¢ and a modal [a] with a € AU{Y}, the following validity ex-
plains the role the arrow-precondition function plays in determining how the pointed general
update frame (U, s) operates on Kripke models:

U, s]lalp = = N\ Vz(al(s,8) = @.(p"(s) — [U, ) (2)

s'ewv

It is not too hard to see that general update frames generalize both standard update frames
and update frames proper.

e Generalizing standard update frames. Let U be a standard update frame. We define
the general update frame U™ := (WY, pY, a), where a is defined as follows:

N JHla)z ifs € RY(s),
2(s,5) = {J_ if s' ¢ RY(s).

Using the general update frame U™ in formula (2) yields a formula equivalent to
Ut sllale = (pU(5) = Avengo V2 ()2 = .7 (s) = [U,5]¢)) ) A
(PU(9) = Avewo—ny (o V2 (L = @.(V(s) = [U,519)) )
which is itself equivalent to Axiom Ula] (Figure 1).

e Generalizing update frames. Let U be an update frame. We define the general update
frame U™ := (WY, pY,a), where a is defined as follows:

(a)z if s € RY(s) and (a #Y or s’ ¢ R{(s)),

a,(s.8') = 1 if ' ¢ RU(s) and (a #Y or s’ ¢ R{(s)),
B zV(Y)z ifa=Y,s € R{(s), and s € RY(s),
z ifa=Y,s ¢ R{(s), and s’ € R{(s).

Using the general update frame U* in formula (2) yields a formula that is again equiv-
alent to Axiom Ula| for a € A. But we also have that for a = Y, using the general
update frame U™ in formula (2) yields a formula equivalent to

UFslV e = (U(8) = Avengiory Y2 (V)2 = @.07(5) = [U.5¢)) ) A
(5¥(5) = Avewo nyri V= (L = @(07() — [U519)) A

(PV(9) = Avenyommyis ¥2-(2V (V)2 = @Y (s) = [U,5]¢)) ) A

(PV(9) = Avengio-noi V2 (2 = @:(6°(s) = [U,519)))

Uls) —

S
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which is itself equivalent to Axiom U[Y] (Figure 1).

By allowing us to provide arrow preconditions using conditions expressed explicitly in the

language, LpgL 4 vastly expands the domain of applicability of the Dynamic Epistemic Logic
approach. But we have only sketched the details of this line of work, and there is still much
more to be done, including the study of restriction on quantification in HL(@,, V', S) toward
achieving decidability of the satisfiability problem with the least sacrifice in expressivity of
arrow creation conditions for use in formula (2).!' In addition, there a number of new and
interesting arrow types to be identified and studied, including the Ta-type, whose associated
arrow-precondition function sufficiency condition is the formula T. Such work will contribute
to the expansion in the variety of dynamic multi-agent systems to which we can apply the
Dynamic Epistemic Logic approach.
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