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Abstract

Dynamic Epistemic Logic is the study of how to reason about knowledge, belief,
and communication. This paper surveys this fast-growing field, covering syntax, se-
mantics, axiomatics, bisimulation and action emulation, expressivity results, extension
and embedding results, and issues of truth persistence and paradox that result from
doxastic change. Along the way, we identify a number of open problems and areas for
further work.
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1 Introduction

In using modal logic to reason about the knowledge and belief of agents, we assume that a
complete description of a certain moment in time is given by a pointed Kripke model [19, 25].
Now a Kripke model itself consists of a nonzero number of worlds—each having its own truth
assignment describing the basic facts of that world—along with a number of binary relations,
one for each agent, that may or may not hold between any two worlds. The binary relations
represent agent uncertainty: if agent i’s relation connects world I' to world A, then agent ¢
will consider it possible that the actual world is A whenever the world is in fact I'. So for
agent ¢ to believe something at world I', that something must be true at all those worlds ¢
considers to be possible with respect to I'. This is just the Hintikka-Kripke notion of belief
25, 29].

In this setup, knowledge is identified with correct belief: to say that agent i knows a
statement ¢ at world I' means that agent i believes ¢ at I' and this belief is correct (that is,
@ is true at I") [19].

Now a pointed Kripke model is a pair (M,I") consisting of a Kripke model M and a
particular world I in M. The world I' is to be thought of as the actual world. The truth
assignment of the actual world I' tells us the basic facts of the situation represented by
(M, T). The purpose of the other worlds in M is to represent the agents’ beliefs. An agent’s
beliefs may concern both the basic facts of the situation (M, T") and also higher-order beliefs
(that is, beliefs about beliefs).

Since we have identified a pointed Kripke model (M,T") with a complete description of
a certain moment in time, a natural way to represent the passage of time is to consider
sequences of moments; that is, we consider sequences

(M17 F1>7 (M27 FZ)) (M37 F3)7 ceey (MTU Fn)

consisting of pointed Kripke models. This view of time is discrete, with the complete de-
scription of the A-th moment in time given by the pointed Kripke model (Mj, T').

Thinking of our agents as a distributed system, such a sequence of moments represents a
certain run of the system, where the (k + 1)-st moment is generated from the k-th moment
as a result of the occurrence of a communication to one or more of the agents. In reasoning
about such runs, we often want to consider how the agents’ knowledge and belief is affected
by a given kind of communication. Here are two examples.

1. If all agents receive a public communication that some basic statement p is true at the
actual world in moment (M, T'), then it ought to be common knowledge in the next
moment (M1, k1) that p is true.

2. If no agent knows whether p is true in moment (Mj, I'y), then the private communica-
tion to just those agents in group G that p is true ought to bring about a next moment
(Mj41,Tky1) in which p is common knowledge to the agents in G and yet p is still
unknown to the agents not in G.



Dynamic Epistemic Logic (DEL) is the study of how to reason about knowledge, belief,
and communication [8, 9, 13, 21, 34, 55]. DEL uses modal logic as the basic language for
describing knowledge, belief, and fact. This basic language is then extended in various ways
in order to describe what happens as a result of some communication. The most basic such
extension is of the following kind: for a group G of agents and statements ¢ and 1, we write
the statement

[p— Gy

to mean that 1 is true after ¢ is communicated privately to just those agents in group G.
We will use A to represent the group consisting of all agents, so the statement

[p— Ay,

which we often abbreviate by [p]v, says that ) is true after ¢ is communicated publicly to
all agents. Such statements allow us to express how communication affects knowledge and
belief. In particular, we can express our example statements above.

1. [p]CAp

In words: after the public communication of p (to all agents), we have that p is common
knowledge (to all agents).

2. (/\iEA - ip) D [p— G (CGp A /\iGA\G - ip)
In words: if no agent ¢ € A knows p, then after the communication of p to just those
agents in group G, we have that p is common knowledge to those in G and that no

i € A\G knows p.

(Note: we always assume that A is finite.)

While we have only mentioned public and private communications, there is a natural way
to define much more general kinds of communication that allow for complicated combinations
of privacy and deceit [8]. All of this will be described in detail in what is to come.

The aim of this article is to survey the field of Dynamic Epistemic Logic (DEL)—a fast-
growing area that has just seen the publication of its first book-length treatment [55]. Both
with an eye toward our forthcoming overview of relative expressivity and also to work our
way into the complications of the more expressive DEL languages, we will introduce the
various DEL languages in order of increasing expressivity. We begin in the next section
with an overview of our notation and terminology for modal logic, which serves as the basic
language upon which all DEL languages are based.

2 Modal Logic: Knowledge, Belief, and Fact

The language of modal logic allows us to describe basic facts along with the knowledge and
beliefs of a finite nonzero number of agents.

Definition 2.1. An agent set is a finite nonempty set whose members will be called agents.
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Once we have fixed our set of agents, then we may define the usual languages of modal
logic for this agent set.

Definition 2.2. Let A be an agent set.

e The language of propositional logic, written PL, consists of the formulas ¢ built by the
following grammar.
o o= pe| LT e D
keN

{pr : k € N} is the set of propositional letters. The atoms consist of the propositional
letters, the propositional constant L for falsity, and the propositional constant T for
truth. Formulas written using other logical connectives are understood as abbreviations
for formulas in the above language.

e The language of modal logic (for A), written ML“, is the extension of PL obtained by
adding the following rule of formula formation: if ¢ is a formula and i € A, then K,y
is also a formula.

e The language of modal logic with common knowledge (for A), written MLé7 is the
extension of ML? obtained by adding the following rule of formula formation: if ¢ is a
formula and G C A, then Cgy is also a formula.

e For each G C A, we make the following abbreviation:

Nice Kip it G # 0,
Eay = :
T if G = 0.

The modal formulas K;p, Egp, and Cae allow us to express various kinds of knowledge
of our agents in A, all according to the following intuitive readings of these formulas.

e K;p is read, “(agent) i knows ¢.”

o FEqp is read, “everyone in G knows ¢.”

o Cup is read, “p is common knowledge to those in G.”

The semantics of these languages, due to Kripke [29], begins by specifying a frame, which
is relational structure that represents agent uncertainty.

Definition 2.3. Let A be an agent set. A frame (for A) is a pair (W, R) whose components
are given as follows.

e IV is a nonempty set whose elements are called worlds (in M ).

o R: A — 2W*Wig a function mapping each i € A to a binary relation R; on W.!

LA binary relation on (a set) W is a set R C W x W. Notation: if R is a binary relation on a set W and
', A € W, then we write TRA to mean that (I, A) € R.



If F = (W,R) is a frame, then we write ' € F' to mean that I' € W. A pointed frame (for
A) is a pair (F,T") consisting of a frame F for A and a world I' € F. To say that a frame
F = (W, R) is finite means that the set W is finite. To say that a pointed frame (F,T") is
finite means that F is finite.

In a frame (W, R) for A, the relationship I'R;A between the worlds I" and A represents
agent 7’s thinking that A is the actual world in case I' is in fact the actual world. In this
way we can represent agent i’s uncertainty as to the actual world. A pointed frame (F,T)
adds to the uncertainties represented by F' an actual world I'.

We adopt the following notation for the remainder of the paper, which will be useful in
forthcoming definitions.

Notation 2.4. Let W be a set, let R € 2W>*W be a binary relation on W, and let R; € 2V>*W
be a binary relation on W for each ¢ € G.

e R denotes the binary relation UieG R; on W.
e R* denotes the reflexive-transitive closure of R.2

What remains to interpret formulas is add a valuation, which provides a truth assignment
for each world in a frame.

Definition 2.5. Let A be an agent set and let F' = (W, R) be a frame for A. A valuation
(on F) is a function V : {py : k € N} — 2" that maps each propositional letter p; to a
possibly empty set V(py) of worlds in F.

Combining a frame with a valuation gives us a Kripke model. These models are used to
interpret formulas in the language of modal logic.

Definition 2.6. Let A be an agent set. A Kripke model (for A) is a tuple (W, R,V)
consisting of a frame (W, R) for A and a valuation V' on (W, R). To say that I' is a world
in (the) Kripke model M, written I € M, means that T' € W. A pointed Kripke model (for
A) is a pair (M, TI") consisting of a Kripke model M for A and a world I' € M. To say that
pointed Kripke model (M,T") for A has a property P of binary relations—examples include
reflexivity, transitivity, euclideanness, or seriality—means that for each ¢ € A, the binary
relation R; has property P.3 For a pointed Kripke model (M,T') and a formula ¢ € MLZ,
we write M,T" = ¢ to mean that ¢ is true at (M,T). The negation of M, T |= ¢ is written
M,T [~ ¢. Truth of a formula ¢ € MLZ at a pointed Kripke model (M,T') is given by the
following induction on the construction of ¢.

e M, T |= py means that I' € V(pg).

2The reflexive-transitive closure of R is the smallest set R’ € 2W*W such that R C R’ and R’ is both
reflexive and transitive.

3Let R € 2W*W be a binary relation on a set W. R is reflexive iff RI for each I' € W. R is transitive
iff TRA and ARX) together imply I'RS) for each 'y A;Q € W. R is euclidean iff TRA and 'R together
imply AR for each I'; A, Q2 € W. R is serial iff for each I' € W, there is a A € W such that TRA.



e M\THLand M\TET.

o M.T = ¢1 D pg means that M, T j£ ¢ or M, T = ps.

e M. T | K;p means that M, A | ¢ for each A € M satisfying T'R;A.
o M,T' |= Cgp means that M, A |= ¢ for each A € M satisfying ['REA.

If 7 is a set of pointed Kripke models for A, then to say that a formula ¢ € £4 is valid for
Z, written Z = ¢, means that M, " = ¢ for each pointed Kripke model (M,I") € Z. To say
that a formula ¢ € £4 is valid, written = o, means that ¢ is valid for the set of all pointed
Kripke models for A. (Note that the semantics ensures that = Cyp = ¢.)

Since most of what follows in this survey is sufficiently flexible to work for a number
of normal modal theories, we need not commit ourselves to any particular normal modal
theory. But it will nonetheless make the formulation of the coming axiom systems much
more readable if we do choose a particular normal modal logic. Thus we will typically
choose K, the minimal normal modal logic [14].

Definition 2.7. Let A be an agent set. The modal logic K2 is given by the following axiom
schemes and rules of inference.
e Basic axiom schemes (in the language ML)
1. Axiom schemes for classical propositional logic
2. Ki(pDv)D(Kip D Kitp) “i knows the consequences of his knowledge”
e Common Knowledge (CK) axiom schemes (in the language MLZ)

1. Cole D) D (Cap D Ceyp) “CK is closed under consequence”
2. Cgp D (N EgCay) “CK implies truth and group knowledge of CK”
3. oANCq(p D Egp) D Cayp “CK arises from group knowledge by induction”

e Rules of inference

— Modus Ponens: if ¢ and ¢ D 1 are each provable, then so is .
— K;-Necessitation: if ¢ is provable, then so is K;e. “j knows what is provable”
— Cg-Necessitation: if ¢ is provable, then so is Cge. “what is provable is CK”

The modal logic K4 is given by omitting the common knowledge axiom schemes, the Cg-
Necessitation rule, and restricting the remaining axiom schemes to the language ML".

Theorem 2.8. Let A be an agent set. For each formula ¢ € ML?, we have that ¢ is a
theorem of K4 if and only if = ¢ [29]. Similarly, for each formula ¢ € ML{, we have that
¢ is a theorem of K4 if and only if = ¢ (see, for example, [19]).

Now that we have reviewed our notation and terminology for modal logic, we proceed to
our survey of Dynamic Epistemic Logic proper.
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3 Public and Private Communication

In this section, we begin our first step into the study of Dynamic Epistemic Logic by defining
extensions of modal logic for reasoning about public and private communication. These
extended languages are the simplest languages in the DEL family, in that these languages
describe the most basic kinds of communication.

3.1 Syntax
Definition 3.1. Let A be an agent set.

e The language of public and private communication (for A), written COM?, is the
extension of ML* obtained by adding the following rule of formula formation: if ¢ and
¢ are formulas and G C A, then [p— G]1 is also a formula.

e The language of public and private communication (for A) with common knowledge,
written COMZ, is the extension of COM? obtained by adding the following rule of
formula formation: if ¢ is a formula and G C A, then Cgp is also a formula.

Abbreviations: for each i € A, we let [p1— @]y abbreviate [p1— {i}]ps; we also let [p1]ea
abbreviate [p;— Alps.

We read the formula [p— GJip as “4 is true after the communication of ¢ to just those
in G.” Note that the semantics will ensure the validity of the scheme [p— 0] = ¢ D 1.

It will be useful to define a few fragments of our languages COM* and COMZ, with the
particular fragment determined by the various groups of agents that are allowed to receive
a communication.

Definition 3.2. Let A be an agent set and let & C 24 be a possibly empty collection of
subsets of A. Then for each £ € {COM#, COMZ}, the language £(®) is the fragment of £
obtained by restricting all subformulas of the form [p— GJi so that G € &. Notation: for
£ € {COM? COMA}, G C A, and i € A, we let £(G) denote £({G}) and we let £(i) denote

£({i}).

We now define a few fragments of COM* and COMZ, that are of particular interest in the
present paper.

Definition 3.3. Let A be an agent set and G C A.
e The language of public communication (for A), written PUB#, is COM“(A).

e The language of private communication (for A), written PRI?, is COMA(QA\{A}).

e The language of single-recipient private communication (for A), written PRI1, is

COMA({{i} = A}}) .



e Foreach £ € {PUBA, PRI4, PRIlA}, the extension of £ with common knowledge, written
Lo, that is obtained from £ by adding the following rule of formula formation: if ¢ is
a formula and G C A, then Cgy is also a formula.

3.2 Semantics

CO Mé—formulas are interpreted using an extension of Kripke’s semantics for modal logic [29].
This extension is due to Baltag, Moss, and Solecki [8, 9].

Definition 3.4 ([8, 9]). Let A be an agent set. Truth of a formula ¢ € COMg at a pointed
Kripke model (M, I') is given by extending the induction in the definition of truth for formulas
in ML (Definition 2.6) by adding the following inductive clause: M,T = [p1— G]w, means
that either we have M, " F& ¢, or else we have both M, T" = ¢; and M[p1— G|, (I',0) | ¢a,
where the Kripke model M[p1— G] is the tuple

(Wlp1— G, Rlp1— G], V[pr— G])
whose components are given as follows.
o Wipi—G] = {(A0)eW x{0}: M,AE=¢}U
{(A 1) eWx{1}: M\AET}
e For ecach i € G: R;[p1— G] is the set

{((A, 0),(2.8) € (Wlpr— G2 s (ARQ) A (a = b)}
e For each j € A\G: R;[¢p1— (] is the set
{((A,a>, (,5)) € (Wioi—G])? : (AR,Q) A (b= 1>}

o Vlei—=Gl(pr) == {(A,a) € Wlp1— Gl : A€ V(pr)}
The various notions of validity from Definition 2.6 carry over directly to COMé—formulas.

The idea behind the construction of the Kripke model M[p— G| may be understood as
follows. The worlds in M[p— G] of the form (I",0) are just those worlds of M at which ¢ is
true, while the worlds in M[p— G] of the form (T', 1) make up a copy of the Kripke model
M. The binary relations in M [p— G] are then defined so that from a world (I', 0), agents in
G will only consider possible worlds of the form (A, 0) while agents in A\G will only consider
possible worlds of the form (A, 1). Thus the agents in G jointly eliminate from consideration
all worlds in M at which ¢ is not true—and in this sense it becomes common knowledge
among G that ¢ was communicated—while the agents in A\G are effectively unaware that
the communication of ¢ to G ever occurred. So in case we have that M, " |= ¢, then the con-
struction of M [p— G] takes us from the moment in time given by the pointed Kripke model
(M,T) to a next moment in time given by the pointed Kripke model (M[p— G|, (T',0)). It is
in this way that communication moves time from one moment to the next in this framework.
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3.3 Hilbert Theory for Public Communication

In this subsection, we will examine the axiomatization of the validities for a fragment of
COMé. The fragment in question is PUBé, the language of public communication. Recall
that we write [p]i¢ as an abbreviation for the formula [p— AJ1.

Definition 3.5. Let A be an agent set. The theory for F’UBfC1 is given by the following axiom
schemes and rules of inference.

e Axiom schemes and rules for K&
e Axiom schemes for communication (in the language PUBZ)

1. [¢]lp = (¢ D p), for each atom p

“facts are unchanged by announcements”

2. [¢l(¥ D x) = ([l D [¢lx)

“announcements commute with Boolean connectives”

3. [plKih = ¢ D K[l
“knowledge of i after a public announcement comes from having knowledge that the
announcement will bring about "

4. [el[¥]x = [ A lelv]x

“iterated announcements may be combined into a single announcement”
e Rules for communication

— Announcement-Necessitation: if ¢ is provable, then so is [p].

“what is provable holds after an announcement”
— CK Rule: if each of x D [¢]y and x A D Eg is provable, then so is x D [¢]Cg).

The theory for PUB? is obtained by replacing the axiom schemes and rules for KA by the
axiom schemes and rules for K*, omitting the CK Rule, and restricting the remaining schemes
to the language PUB".

Theorem 3.6. Let A be an agent set. For each ¢ € PUB?, we have that ¢ is a theorem of
the theory for PUB# if and only if = ¢ [21, 34, 55]. Also, for each ¢ € PUBZ, we have that
¢ is a theorem of the theory for PUBZ if and only if = ¢ [8, 10, 55].

4 BMS Logic: Generalized Communication
The work of Baltag, Moss, and Solecki [8, 9, 10] was a watershed in the study of Dynamic

Epistemic Logic. The key insight of their work is that an agent’s uncertainty as to the
particular formula that is communicated can be represented in the same way as the agent’s
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uncertainty as to the actual world. Let us sketch out in a bit more detail what it is that we
mean by this.

To begin, we take a finite frame (U, S) and label each world in this frame by a formula
in some fixed language £. Formally, this is accomplished by introducing a labeling function
[ : U — £ that assigns to each world v € U a formula I(v) € £. We will call the combined
tuple B = (U, S,1) a BMS frame.

The BMS frame B = (U, S,1) represents a number of possible communications, one for
each world v € U, with the world v € U representing the communication of the formula I(v).
The frame (U, S) then encodes the agents’ uncertainty as to which formula was actually
communicated: if vS;v’, then agent ¢ will consider it possible that {(v") is communicated
whenever [(v) is in fact communicated.

For the purpose of our exposition here, to say that the formula ¢ is communicated in
the Kripke model M means that we delete from M all worlds that contradict ; that is, we
delete all I' € M such that M, T" [~ ¢, obtaining a Kripke model M|y as the result of this
operation. Thus to communicate a formula ¢ is simply to have the agents jointly eliminate
all —p-worlds from consideration, and it is in this sense that ¢ is communicated.

Communicating the entire BMS frame B = (U, S,[) in a model M then amounts to
making all possible communications of a formula [(v) in M for each v € U and then combining
these various possible communications according to the agent uncertainties encoded in the
BMS frame B. So, in a bit more detail, we take the disjoint union

U, Mliw) = {T.0) : AT = 1)

of all the various formulas in B = (U, S,1), giving us a copy of the submodel M|l(v) of M
for each possible communication v € U. The agents’ uncertainty as to which was the actual
communication is then encoded according to S:

(I, v)RL(IV,v") means (TRJ" and vSiv’) .

Here R’ : A — 2"W>*W is the function representing agent uncertainty after the communication
of the entire BMS frame B. Notice that agent ¢’s uncertainty after the communication comes
from two sources: his uncertainty as to the actual world before the communication (repre-
sented by the binary relation R;) and his uncertainty as to the actual formula communicated
(represented by the binary relation S;). Thus for ¢ to know that the communication of I(w)
is occurring, we must have the equality

{velU:wSv}={w} ,

which says that the only communication ¢ considers possible is the communication (w) itself.
But we can in general represent much more subtle combinations of agent uncertainty over
communications by varying the structure of the BMS frame B = (U, S,1). We will see some
specific examples of this in §4.3. First let us go over the formal definitions of the syntax and
semantics.
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4.1 Syntax

We now formalize our introductory comments. We begin by defining a labeling function for
finite sets.

Definition 4.1. Let U be a finite set and let £ be a language. A labeling for U is a function
[ : U — £ that maps each v € U to a formula [(v) € £.

Combining a labeling function with a finite frame gives us a BMS frame.

Definition 4.2. Let A be an agent set. A BMS frame (for A) is a tuple (U, S,1) consisting
of a finite frame (U, S) for A and a labeling [ for U.

e The BMS frame (U, S,1) is said to be based on the frame (U, S).
e To say that v is a world in B, written v € B, means that v € U.
e For each world v € B, we let B(v) denote the formula [(v).

e To say that the BMS frame B is in (the) language £, written B € £, means that
B(v) € £ for each v € B.

A pointed BMS frame (for A) is a pair (B, v) consisting of a BMS frame B for A and a world
v € B. To say that the pointed BMS frame (B, v) is based on the frame (U, S) for A means
that B is based on (U, S). To say that the pointed BMS frame (B, v) is in (the) language £,
written (B,v) € £, means that B € £.

The language of BMS Logic is then obtained by admitting pointed BMS frames (B, w)
as modals. The reason that it makes sense for us to do this is that a pointed BMS frame is
a finite structure and thus can be written down using a finite number of symbols.*

Definition 4.3. Let A be an agent set.

e The language of BMS Logic (for A), written BMS?, consists of the set of formulas built
using the rules of formula formation for ML? in addition to the following rule: if we
have that (B, w) is a pointed BMS frame for A, that B(v) is a formula for each v € B,
and that ¢ is a formula, then [B, w]p is also a formula.

e The language of BMS Logic (for A) with common knowledge, written BI\/ISé, is the
extension of BMS# obtained by adding the following rule of formula formation: if ¢ is
a formula and G C A, then Cgp is also a formula.

In the languages BMS* and BMSZ, the modals [B, w] are called BMS modals.

Finally, it is useful to have a notion of composition for BMS frames. This allows us to
combine the communications and uncertainties given by first communicating the BMS frame
B and then communicating the BMS frame B’ into a single BMS frame B o B'.

4Some work has been done to bring the structure of communications explicitly into the language, whether
by a hybrid extension [16] or by the use of fixed-points [6].
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Definition 4.4 (Composition). Let A be an agent set and let B = (U,S,l) and B’ =
(U, S",1I') be labeled BMS frames for A in the language BMSZ. The composition of B and
B’, written B o B’ is the labeled BMS frame (U¢, S¢,(°) given as follows.

o Uc:=UxU'

e For each i € A, we let SY be the set

{((% V), (w,w'")) € U : vS;w A U’Sgw’}
e Tor cach (v,v') € U, set I°(v, ') := =[B, v]~B'(v)

4.2 Semantics

BMS_-formulas are interpreted using an extension of Kripke’s semantics for modal logic [29].
This extension is due to Baltag, Moss, and Solecki [8, 9].

Definition 4.5 ([9, 8]). Let A be an agent set. Truth of a formula ¢ € BMSZ at a pointed
Kripke model (M,I") for A is given by extending the induction in the definition of truth
for formulas in MLZ (Definition 2.6) by adding the following inductive clause: M,I' =
[B, w]¢ means that either we have M,I" £ B(w) or else we have both M,T" = B(w) and
M[B],(I',w) [ ¢, where for the BMS frame B = (U, S,!) for A, we define the components
of the Kripke model

as follows.
e W[B]:={(A,v) e WxU:MAIEB(v)}
e For each i € A: R;[B] is the set

{((A,v), (A’,v’)) c (W[B])2 (AR A" A (vSiv’)}

o V[B](p) = {(A,v) e W[B] : A € V(py) }
The various notions of validity from Definition 2.6 carry over directly to BMSa-formulas.

The idea behind the construction of the Kripke model M[B] may be understood as
follows. For each world v € B in the BMS frame B, we make a copy of the submodel
M|B(v) of M consisting of the worlds in M at which the formula B(v) holds. This gives us
the disjoint union

U, MIB@) = {(T,0) : M.T = B}

consisting of the copies of submodels of M, one for each v € B that brings about a commu-
nication. The submodel M|B(v) represents the communication of the formula B(v) in the
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sense that every world in M that is inconsistent with the formula B(v) is eliminated from
consideration. But the agents are in general uncertain as to which formula was actually com-
municated. Thus if we have that v.S;v’, then agent ¢ thinks it possible the formula B(v') was
communicated when the formula B(v) was in fact communicated. So the agents’ resulting
uncertainty in M [B] reflects the two sources of agent uncertainty, the first being uncertainty
as to the actual world in M (represented by the function R) and the second being uncertainty
as to the actual communication (represented by the function S). Note that the facts true at
a world before and after a communication do not change, since V'(I',v) = V(I').

If we are given a pointed Kripke model (M,I") and a pointed BMS frame (B, w) such
that M,T = B(w), then we may construct the pointed Kripke model (M[B], (I',w)). It is in
this way that communication moves time from one moment to the next in this framework.
Note that this movement of time requires that M, I’ = B(w), an often-encountered condition
called executability.

Definition 4.6. Let A be an agent set, let (B,u) be a pointed BMS frame for A with
B € BMS#, and let (M,T") be a pointed Kripke model for A.

e To say that (B,u) is executable at (the pointed Kripke model) (M,T') means that
M,T = B(u).

e To say that B is executable in (the Kripke model) M means that there is a v € B and
a A € M such that (B,v) is executable at (M, A).

Fixing a BMS frame B, we may define the set S of all Kripke models such that B is
executable in M. From this, we can construct a function f that maps each Kripke model
M € S to the Kripke model M[B]. A partial function f that may be constructed in this
way is called a BMS update.

Definition 4.7. Let A be an agent set and let B be a BMS frame for A.

e The update induced by B is the partial function
{(M, M[B]) : B is executable in M }
that maps pointed Kripke models for A to pointed Kripke models for A.

e A BMS update (for A) is any partial function f such that there is a BMS frame B’ for
A satisfying the property that the update induced by B is f.

This definition gives us another way to understand BMS Logic: BMS Logic is the logic
for reasoning about how knowledge and belief change as the result of a BMS update.®

®Note that BMS updates are in general partial functions. In [41], the authors define a different notion
of public communication so as to guarantee that the updates induced by these public communications are
total functions.
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Figure 1. The BMS frame Pub:;l , the public communication of ¢, from Definition 4.8.

4.3 Special BMS Frames

While we have seen in general how BMS frames interact syntactically and semantically in
the extension BMS? of modal logic, there are certain BMS frames that model well-known
kinds of communication. We identify a few of these BMS frames here.

Definition 4.8 ([8]). Let A be an agent set and let G C A. Then the public communication
of ¢ (also called the public announcement of ¢), written Pub£7 is the BMS frame (U, S, 1)
whose components are defined as follows: U := {0}, S; := {(0,0)} for each i € A, and

[(0) := ¢. See Figure 1 for a picture of the BMS frame Pub;‘.

The public communication Pub:,1 of ¢ is structured in such a way that it is common
knowledge among all the agents that ¢ is in fact what is communicated. Thus if we have
that Pubﬁ is executable in a Kripke model M, then the function M +— M [Pubé] simply
restricts M to the submodel obtained by deleting those worlds I' € M that are inconsistent
with ¢ (meaning M, T [~ ¢). Thus the agents in A all jointly eliminate from consideration
those —-worlds in M, and it is in this sense that the operation M — M [Pubﬁ] is a public
communication of ¢. Observe that for each atom p, we have that = [Pub;;‘7 0]Cap; that is,
the public announcement of p makes it common knowledge that p holds.

Let £ be the fragment of BMSZ obtained by restricting BMS modals to the form [Pubﬁ, 0]
for some o € £. Then £ is equivalent to PUBZ: replacing each BMS modal [Pubé, 0] in a
formula y € £ by the modal [¢] produces a formula x’ € PUBZ such that = y = x/, and
replacing each modal [¢] in a formula § € PUBZ by the BMS modal [Pubﬁ, 0] produces a
formula 6’ € £ such that =60 = #'. So we see that BMS{ generalizes PUBZ.

Another important BMS frame is the BMS frame for private communication.

Definition 4.9 ([8]). Let A be an agent set and let G C A. Then the private communication
of ¢ to G, written PriéHG, is the BMS frame (U, S, 1) whose components are defined as

follows: U := {0,1}, S; := {(0,0),(1,1)} for each i € G, S; := {(0,1),(1,1)} for each

i€ A\G, [(0) := ¢, and [(1) := T. See Figure 2 for a picture of the BMS frame Pri;‘HG.

The private communication Priﬁ_)G of ¢ to G is structured in such a way that it is
common knowledge to the agents in G that ¢ is communicated, whereas the agents in A\G
all think that T is communicated. Note that communicating T is the same as having
no communication at all: since we have identified the communication of a formula with
the operation that restricts a Kripke model to just those worlds in which the formula is
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Figure 2. The BMS frame Priﬁ_}G, the private communication of ¢ to G, from Definition 4.9.
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Figure 3. The BMS frame %Priiwﬂ @, the semi-private communication of ¢ or ¢ to G, from Definition 4.10.

true, it follows from the validity of T that a communication of T leaves every Kripke model
unchanged; thus a communication of T is equivalent to having no communication at all. So in
the private communication Pri;‘_, o of p to G, it is common knowledge to the agents in GG that
¢ is communicated, whereas the agents in A\G all think that there was no communication
at all.

Letting £ be the fragment of BMSé obtained by restricting BMS modals to the form
[Prié_,G, 0] for some ¢ € £ and G C A, we see that £ and COMé are equivalent: replacing
each BMS modal [Priéﬂ o, 0] in a formula x € £ by the modal [p— G| produces a formula
X' € COMZ such that = x = y/, and replacing each modal [p— G] in a formula § € COMZ
by the BMS modal [PriéqG, 0] produces a formula 6" € £ such that =0 =46

The BMS frame for private communication is quite flexible. As an example, pointed BMS
frame (Prif}i@_)G, 0) may be used to represent agent ¢ sending a private message of ¢ to the
group G (with ¢ € G), since the content of this private communication is ¢’s knowledge of ¢
[6].

Our last important BMS frame is the BMS frame for semi-private communication.

Definition 4.10 ([8]). Let A be an agent set and let G C A. Then the semi-private commu-
nication of ¢ or ¢ to G, written %PriﬁﬂlHG, is the BMS frame (U, S, 1) whose components

are defined as follows: U := {0,1}, S; := {(0,0),(1,1)} for each i € G, S; := U x U for each
i € A\G, 1(0) := ¢, and (1) := 9. See Figure 3 for a picture of the BMS frame %Priﬁﬂp_)G.

In the BMS frame %PriidHG, exactly one of ¢ or ¢ is communicated to the agents in
the group G. The agents in A\G know this but they do not know which of ¢ or ¢ was in
fact communicated.

4.4 Hilbert Theory

Definition 4.11 ([8, 10]). Let A be an agent set. The theory for BMSZ is given by the
following axiom schemes and rules of inference.
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e Axiom schemes and rules for K&
e Axiom schemes for communication (in the language BMSZ)

1. [B,wlp = (B(w) D p), for each atom p
“facts are unchanged by communication”

2. [B,w](¥ D x) = ([B,w]Y > [B,w]x)

“communication commutes with Boolean connectives”

3. [B,w|K = (B(w) D /\wa Ki[B,v]w)
“knowledge of 1 after a communication comes from having knowledge that the commu-
nication will bring about ”

4. [B,w][B,w'|y = [Bo B, (w,w )|y

“iterated communications are equivalent to their composition”
e Rules for communication

— [B, w]-Necessitation: if 1) is provable, then so is [B, w]y.

“what is provable holds after a communication”

— Action Rule: given a BMS frame (B, S,1), a world w € B, and a set G C A,
suppose that we have a formula 6, € BMSé for each v € B satistying wS;v and,
further, that each of the following is provable for each v € B satisfying wSgv.

x 0, DO [B,v]y
S B(’U) /\ 91) D /\’LEG /\’USi’U/ Ki&vl
Then we have that 6, D [B,w]Cg1 is also provable.

The theory for BMS# is obtained by replacing the axiom schemes and rules for K& by the
axiom schemes and rules for K4, omitting the Action Rule, and restricting the remaining
schemes and the Action Rule to the language BMS.

Theorem 4.12 ([10, 55]). Let A be an agent set. Then for each ¢ € BMSZ, we have that
@ is a theorem of the theory for BMSé if and only if = .

5 Bisimulation and Action Emulation

In this section, we examine bisimulation and a bisimulation-like notion called (action) emu-
lation [36, 57]. These notions give us sufficient conditions for two BMS-type communications
to be indistinguishable by formulas in the language BMS‘g, something we will explain in more
detail in a moment. Let us first review the standard definitions for bisimulation in modal
logic.
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5.1 Standard Bisimulation

For convenience in formulating forthcoming definitions, we begin by defining the notion of
frame-bisimulation.

Definition 5.1. Let A be an agent set and let F' = (W, R) and F' = (W', R’) be frames for
A. A frame-bisimulation between (the) frames F' and F' is a nonempty relation B C W x W’
satisfying each of the following schemes.

e Back. For each i € A: I'BI'" and I"R]A’ together imply that there is a A € W such
that T'R;A and ABA'.

e Forth. For each i € A: T'BI” and I'R;A together imply that there is a A’ € W’ such
that I"R]A” and ABA'.

A frame-bisimulation between (the) pointed frames (F,T') and (F',T") (for A) is a frame-
bisimulation B between frames F' and F’ satisfying I'BIY. We write (F,I') ~ (F',T") to
mean that there exists a frame-bisimulation between the pointed frames (F,I") and (£, I").

If there is a frame-bisimulation between two pointed frames, then any path taken in one
frame can be simulated by a path in the other frame. Adding a condition of propositional
agreement to this then gives us the usual notion of bisimulation between Kripke models [14].

Definition 5.2. Let A be an agent set and let M = (W, R, V) and M’ = (W', R, V") be
Kripke models for A. A bisimulation between (the) Kripke models M and M’ is a nonempty
relation B C W x W' satisfying each of the following schemes.

e Propositional Agreement. I'BI" implies that I' € V(py) if and only if IV € V/(py) for
each k € N.

e Frame Bisimulation. Bis a frame-bisimulation between the frames (W, R) and (W', R).

To say that the bisimulation B between M and M’ is total means we have that each I' € M
has a IV € M’ such that I'BI" and that each A’ € M’ has a A € M such that ABA'.
To say that the Kripke models M and M’ are bisimilar means that there is a bisimulation
between M and M’; to say that M and M’ are total-bisimilar means that there is a total
bisimulation between M and M’'. A bisimulation between (the) pointed Kripke models (M,T")
and (M',T") is a bisimulation B between Kripke models M and M’ satisfying I'BI”. To say
that the pointed Kripke models (M,I") and (M',I") are bisimilar, written (M, I") ~ (M’ T"),
means that there exists a bisimulation between (M, T") and (M’ T").

By adapting the standard arguments for modal logic [14] to the language BMSé, we
can show that bisimilar pointed Kripke models are indistinguishable to BMSé—formulas and
bisimulations are preserved under BMS updates.

Theorem 5.3 ([10, 55]). Let A be an agent set and let (M,I") and (M’,I") be bisimilar
pointed Kripke models for A. Then each of the following holds.
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e For each ¢ € BMSZ, we have that M, T = ¢ if and only if M’ T" = ¢.

e For each pointed BMS frame (B,v) € BMSZ that is executable at (M, T), we have that
(M[B], (T,v)) = (M'[B], (I, v)).

5.2 BMS Frame Bisimulation

Since BMS frames themselves have an underlying frame structure, it is natural to examine
a notion of bisimulation for BMS frames.

Definition 5.4. Let A be an agent set and let B = (U, S,l) and B' = (U’, S",1l') be BMS
frames for A such that B € BMSS and B’ € BMSZ. A bisimulation between (the) BMS
frames B and B’ is a nonempty relation B C U x U’ satisfying each of the following schemes.

e Formula Agreement. vBv" implies that | B(v) = B'(v).
o Frame Bisimulation. B is a frame-bisimulation between the frames (U, S) and (U’, 5").

To say that the labeled BMS frames B and B’ are bisimilar means that there is a bisimulation
between B and B’. A bisimulation between (the) pointed BMS frames (B,v) and (B',v') is a
bisimulation B between BMS frames B and B’ satisfying vBv’. To say the the pointed BMS
frames (B,v) and (B',v') are bisimilar, written (B,v) ~ (B’,v), means that there exists a
bisimulation between (B,v) and (B’,v’).

As one would expect, bisimilar BMS frames preserve bisimulations between Kripke mod-
els.

Theorem 5.5 ([10, 55]). Let A be an agent set, let (B, v) and (B’,v’) be bisimilar pointed
BMS frames for A in the language BMS3, and let (M,T') and (M, T") be bisimilar pointed
Kripke models for A. Then each of the following holds.

e (B,v) is executable at (M, I") if and only if (B’,v’) is executable at (M’ ,T").

e If (B,v) is executable at (M,I), then we have (M[B], (I',v)) ~ (M'[B'], (I",v")).

5.3 Action Emulation

We saw in Theorem 5.5 that bisimilar BMS frames preserve bisimulations between Kripke
models. It follows that if B and B’ are bisimilar BMS frames, then we have that B and B’
are equivalent in the sense of the following definition.

Definition 5.6 ([36, 57]). Let A be an agent set and let B and B’ be BMS frames for A.
To say that B and B’ are equivalent means that for each Kripke model M for A such that
B and B’ are each executable in M, we have that M[B] and M[B'] are bisimilar.
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So bisimilar BMS frames are equivalent by Theorem 5.5. But it is not the case that
equivalent BMS frames are bisimilar: letting p be a propositional letter, the BMS frames

Pub? (Definition 4.8) and %Priﬁﬁp_)@ (Definition 4.10) are equivalent but not bisimilar [36,

57]. As a step toward providing a bisimulation-like connection that holds between equivalent
BMS frames, the authors of [36, 57] introduced the notion of (action) emulation.

Definition 5.7 (Adapted from reformulation in [55] of [36, 57]). Let A be an agent set
and let B = (U, S,1) and B’ = (U, S',1') be BMS frames for A in the language BMSZ. An
(action) emulation between (the) BMS frames B and B’ is a nonempty relation £ C U x U’
satisfying each of the following schemes.

e Disjunctive Agreement Back. vEv' implies there is a set T" C U’ satisfying
-0 eT,
— vEw' for each w' € T",

— E B() D V,yer B'(w'), and
— for each i € A and v’ € U’, we have that {u'} x T" C S} or {u'} x T" C (U'*\S)).

e Disjunctive Agreement Forth. vEv" implies there is a set T' C U satisfying

—vel,

— w&v' for each w € T,

= B'(v') DV yer B(w), and
— for each i € A and u € U, we have that {u} x T'C S; or {u} x T C (U*\S).

e [Frame Bisimulation. £ is a frame-bisimulation between the frames (U, S) and (U, 5").

To say that the emulation £ between M and M’ is total means we have that each v € B has
a v' € B’ such that v€v’" and that each w’ € B’ has a w € B such that wEw’. To say that
the BMS frames B and B’ are emulous means that there is an emulation between B and
B’; to say that B and B’ are total-emulous means that there is a total emulation between B
and B'. An emulation between (the) pointed BMS frames (B,v) and (B',v) is an emulation
& between BMS frames B and B’ satisfying v€v’. To say that the pointed BMS frames
(B,v) and (B’,v') are emulous, written (B,v) ~, (B’,v’), means that there is an emulation
between (B, v) and (B’,v).

The following theorem, whose proof is straightforward, says that emulation is weaker
than bisimulation.

Theorem 5.8 ([36, 57]). Let A be an agent set and let B be a bisimulation between the
BMS frames B € BMSZ and B’ € BMSS. Then B is an emulation between B and B'.

Like bisimilar BMS frames, emulous BMS frames preserve bisimulations between Kripke
models.
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Theorem 5.9 (Adapted from [36, 57]). Let A be an agent set, let B = (U, S,1) € BMSZ
and B' = (U, S")l') € BMSé be emulous BMS frames for A, and let M = (W, R, V) and
M = (W', R, V') be bisimilar Kripke models for A such that B is executable in M and B’
is executable in M’. Now suppose that at least one of the following items is true.

1. There is a (A,u) € M[B] and a (A',u') € M'[B’] such that (M,A) ~ (M',A’) and
(B,u) ~, (B',u).

2. M and M’ are total-bisimilar and B and B’ are total-emulous.
Then it follows that M[B] and M’[B’'] are bisimilar.

Proof. We define the relation B C W[B] x W/[B'] as follows: (I',v)B(I",v") means that
(M,T) ~ (M'",T") and (B,v) =~ (B',v"). We will show that B is a bisimulation between
M|B] and M[B'].

We first show that B is nonempty. This follows immediately from Item 1. Let us see
that it also follows from Item 2. To say that B is executable in M means that there
isal € M and v € B such that M,I" = B(v). By the totality of the bisimulation
between M and M’, it follows that there is a IV € M’ such that (M,I") ~ (M',I"). By
the totality of the emulation between B and B’, it follows that there is a v € M’ such
that (B,v) ~. (B',v'). It follows from M,I' = B(v) and (B,v) ~,. (B’,v’) that there is a
w' € B’ such that (B,v) ~, (B',w') and M,I" = B'(w’). Since (M,I') ~ (M',1"), we then
have that M',I" = B'(w') by Theorem 5.3. We thus have that (I, w") € M'[B’] and, since
(M,T") ~ (M',T") and (B,v) ~, (B',w'), it again follows that B is nonempty.

Now that we have shown that B is nonempty, we must show that B satisfies the properties
of bisimulation: Propositional Agreement, Back, and Forth.

e Propositional Agreement. Suppose that (I',v)B(I",v"). This implies that (M,I") ~
(M'",T"). Now py, € V[B|(I', v) means that p, € V(I'), which is equivalent to p, € V'(I")
because (M,I') ~ (M',I"). But px € V'(I") is equivalent to py € V'[B'|(I",v').

e Back. Suppose that (I, v)B(I,v") and (I",v") R}[B'|(A’,w"). Now (I', v) B(I",v") means
that (M,T") ~ (M',I") and (B,v) ~. (B',v); also, (I",v")R,[B'](A’,w') means that
IYR,A" and o'Siw'. From I"R/A” and (M,T") ~ (M',T"), it follows that there is a
A € M such that (M,A) ~ (M',A’) and I'R;A. From v'S/w’, it follows that there is
a w € B such that (B,w) ~, (B’,w') and vS;w. Since (A’,w'") € M'[B'], we have that
M’ A" = B'(w'). It follows from M’ A" = B'(w') and (B,w) ~ (B’,w’) that there is
au € B such that (B,u) ~, (B',w') and M', A" = B(u). Since (M,A) ~ (M',A"), it
follows that M, A = B(u) by Theorem 5.3. Hence (A,u) € M[B]. Further, since we
have that vS;w, that (B, w) ~, (B’,w’), and that (B, u) ~. (B’,w"), we then have that
vS;u and thus that (T',v) R;[B](A, u). Since (M, A) ~ (M',A’) and (B, u) ~, (B',w’),
we then have that (M, A)B(M’, A’) by the definition of B. Thus the Back condition
holds.

e Forth. The argument is quite similar to the that for the Back condition. [
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Emulation was proposed as a bisimulation-like characterization of equivalent BMS frames
[36, 57]. While it remains open whether all emulous BMS frames are equivalent, it has
been shown that emulous BMS frames in the language PL of propositional logic are indeed
equivalent.

Theorem 5.10 ([36, 57]). Let A be an agent set and let B € PL and B’ € PL be emulous
BMS frames for A. Then B and B’ are equivalent.

6 Expressivity

Expressivity is the comparative study of the propositions expressible in two languages that
share a common semantics. The intuitive question this study attempts to answer is the
following: can one language say everything that the other language can say?

6.1 Definitions

Definition 6.1. Let £; and £, be languages with a common semantics and let Z be a set of
interpretations for £, and £5. A translation function (from £1 to £9 over ) is a function
u: £1 — £9 that maps each formula ¢ € £; to a formula ¢* € £5 such that for each ¢ € £,
and each I € Z, we have I = ¢ if and only if I | ¢". We write £; <7 £, to mean that
there exists a translation function u : £ — £5 over Z. The negation of £, <7 £, is written

£ o1 Lo

Our informal reading of £, <7 £5 is “£5 can say at least as much as £;.” This reading
leads us to the following definition of relative expressivity.

Definition 6.2 (Relative Expressivity). We adopt the notation of Definition 6.1.
e To say that £, is more expressive (for T ) than £, means that £, 7 £9 and £y —7 £4.

e To say that £, and £y are equally expressive (for Z) means that £, —7 £o and
22 —7 21.

e To say that £, and £, are ezpressively incomparable (for Z ) means that £, +~>7 £9 and
Ly o1 L.

The definition of £ <7 £, is a formalization for the notion of £, saying at least as much
as £1. This gives us a partial ordering on languages from which we defined the strict partial
ordering that is relative expressivity. But note that these definitions all depend on a given
set Z of interpretations. In particular, we will see shortly (in Theorems 6.8 and 6.10) how
the outcome of an expressivity result hinges on the choice of Z.
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P := p, for each atom p

(p Do) = " DYt

(Kip)" = Kip"

([SO]P)U = " D p, for each atom p
(Ll >x)" = ([el)" > ([Plx)"
([W]Kﬂﬁ)u = ¢"D Ki([¢]¢)u
(Pl = (e Alelvlx)”

Figure 4. Inductive definition of the translation function w : PUBY — ML used in the proof of the
Plaza-Gerbrandy Theorem (Theorem 6.3).

6.2 Expressivity Relative to Modal Logic

The Plaza-Gerbrandy Theorem marks the beginning of Dynamic Epistemic Logic as an
independent area of study.

Theorem 6.3 (Plaza-Gerbrandy [21, 34]). Let A be an agent set. Then PUB# <7 ML for
each set Z of pointed Kripke models for A.

The translation function u : PUB?* — ML? used in the proof of the Plaza-Gerbrandy
Theorem is given in Figure 4. Since ML* <7 PUB“ for each set Z of pointed Kripke models
for A, the Plaza-Gerbrandy Theorem implies that PUB? and ML? are equally expressive
for any class of pointed Kripke models for A. Thus public communication does not add
expressive power to the language of modal logic without common knowledge. But this does
not tell us that the language PUB is useless; in fact, PUB* is exponentially more succinct
than ML?, as the following theorem explains.

Theorem 6.4 ([30]). Let A be an agent set satisfying |A| > 2, let Z be the set of all
pointed Kripke models for A, and let ¢ : PUB? — ML" be a translation function over Z.
Abbreviations: let (1)) abbreviate =[1)]~ and let K; abbreviate —K;-. Choosing i € A and
j € A such that i # j, define the sequence {@y}ren of PUB-formulas by the following
induction.

._ T if k=0,
T Upe ) K TYR,T itk >0,

Then it follows that for each k € N, the number of symbols in ¢! is at least 2.

It remains open whether Theorem 6.4 holds if we choose for Z the set of all reflexive,
transitive, and euclidean pointed Kripke models (for A).
The next theorem lifts the Plaza-Gerbrandy Theorem to the language of BMS Logic.

Theorem 6.5 ([8, 10]). Let A be an agent set. Then BMS? <7 ML# for each set Z of
pointed Kripke models for A.

23




P := p, for each atom p

(o D )" = " DY

(Kip)" = K"

([B,v]p)u = B(v)" D p, for each atom p
([B.v](w > x)" = ([B,oly)" > ([B,vlx)"
([B,v]Kw)" = B(v)" D N, Ki([B,wlv)"
([B,v][B’,v’]X)u = ([BoB’,(v,v’)]X)u

Figure 5. Inductive definition of the translation function w : BMS? — ML? used in the proof of the
Theorem 6.5. Here B = (U, S,1). The composition B o B’ is defined in Definition 4.4.

The translation function u : BMS? — ML# used in the proof of Theorem 6.5 is given in
Figure 5. Since ML* <7 BMS* for each set Z of pointed Kripke models for A, Theorem 6.5
implies that BMS” and ML” are equally expressive for each set Z of pointed Kripke models
for A. Thus generalized communication does not add expressive power to the language of
modal logic without common knowledge.

We now survey results concerning the relative expressivity of fragments of CO Mé.

Theorem 6.6 ([10, 55]). Let A be an agent set satisfying |A| = 1 and let Z be the set of all
pointed Kripke models for A. Then PUBZ 7 MLE.

Proof Hint. The PUBZ-formula [po]~Cy—p; cannot be expressed in ML [10]. O

Since MLé1 —7 PUBé for each set Z of pointed Kripke models for A, Theorem 6.6 tells us
that public communication strictly increases the expressivity of the language MLé of modal
logic with common knowledge for the class of all pointed Kripke models for A. Contrast-
ing this theorem with the Plaza-Gerbrandy Theorem, we see that common knowledge is
necessary for this expressivity increase to occur.

Theorem 6.7 ([10]). Let A be an agent set satisfying |A| > 2 and let Z be the set of all
reflexive, transitive, and euclidean pointed Kripke models for A. Then PUBé Lo MLé.

Proof Hint. The PUBZ-formula [po]~Cg—p; with |G| = 2 cannot be expressed in MLZ. [

Theorem 6.7 tells us that if there are at least two agents in the agent set A, then public
communication strictly increases the expressivity of the language MLé of modal logic with
common knowledge for the class of all pointed Kripke models for A that are reflexive, tran-
sitive, and euclidean.® The latter trio of properties characterizes the class of frames valid
for the logic S5, a logic generally thought of as the logic of knowledge [14, 19]. Thus public
communication strictly increases the expressivity of the logic of knowledge when common

6Theorem 6.7 fails in the case |[A| = 1, since |A] = 1 implies that PUBS <z MLZ for any set Z of
transitive pointed Kripke models for A [10].
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P := p, for each atom p

(p D) = " DY
(Kip)" = K;p"
(Cap)" = Cgp"
([g0—> z]p)u = <p“ D p, for each atom p
(=il 2 x)" = (lp—i w)“ ([w—%x)“
S e it #i
(fo= ) B { ©" D K (o—iw)" ifj=1
. " L [Q0—>Z (g@ D) Egcgwu) if ¢ §é G
([90—> Z]CG¢> - { 90_>Z /\ Cz(‘ﬂ 5 EG\{Z’}CG@ZJU) ifie@
(= i—ix)" = (le—1] w—m x)")"

Figure 6. Inductive definition of the translation function u : PRI13 — MLZ used in the proof of Theorem 6.8.

knowledge is present. Contrasting this theorem with Theorem 6.5, we again see that common
knowledge is necessary for the increase in expressive power.

Finally, we show that single-recipient private communication does not add expressivity
to the language of modal logic with common knowledge for any class of transitive pointed
Kripke models for A.

Theorem 6.8 ([35]). Let A be an agent set and let Z be any set of transitive pointed Kripke
models for A. Then PRI1S <7 MLZ.

The translation function u : PRI1S — MLZ used in the proof of Theorem 6.8 is given in
Figure 6. By choosing 7 as a set of transitive pointed Kripke models for A, we choose those
Kripke models for which the agents’ beliefs are introspective, meaning each agent believes
his own beliefs. Since each single-recipient communication of agent i’s knowledge to a group
G having ¢ € (G is in fact a communication received only by ¢ himself, Theorem 6.8 provides
a sense in which believing our own beliefs imposes a kind of self-dialog.

6.3 Relative Expressivity of Differing Communications

We begin with a straightforward result that lets us view the language COMé of public and
private communication as a fragment of BI\/ISé.

Theorem 6.9. Let A be an agent set. Then COMZ <7 BMSZ for each set Z of pointed
Kripke models for A.

Proof. Let u : COMé — BMSZ be the translation function that maps ¢ € COMZ to the
formula " € BMSC obtained from ¢ by replacing each instance of a ¢-subformula of the
form [p— G]¢ by [Prlgp—>G70]w' (The BMS frame Prlw_)G is defined in Definition 4.9 and
pictured in Figure 2.) O
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By identifying COI\/Ié with its image in BI\/lSé under the translation function u : COI\/Ié —
BMS defined in the proof of Theorem 6.9, we may view COMZ as a fragment of BMS.

Theorem 6.10 ([10]). Let A be an agent set satisfying |A| > 2 and let Z be the set of all
pointed Kripke models for A. Then PRI1& 7 PUBA.”

Proof Hint. The PRI1S-formula [po— ]—~C;K;po with i # j cannot be expressed in PUBZ.
O

Theorem 6.10 tells us that if there are at least two agents in the agent set A, then the
language PUBé of public communication with common knowledge cannot say everything that
can be said by the language PRIlé of single-recipient private communication with common
knowledge. Comparing this result with Theorem 6.5, we again see the necessity of common
knowledge for an increase in expressive power.

Theorem 6.8 may look as though it implies the negation of Theorem 6.10: since MLé 7
PUBé for any set Z of transitive pointed Kripke models for A, it follows by Theorem 6.8
that PRI1& <7 PUBZ for any set Z of transitive pointed Kripke models for A. But notice
that here we require Z to be a set of transitive pointed Kripke models, so Theorems 6.8 and
6.10 are not negations of each other—they are simply different statements. We thus see how
the outcome of an expressivity result hinges on the choice of Z.

Compare the next theorem with Theorem 6.10.

Theorem 6.11 ([35]). Let A be an agent set. Then PUB{ <7 PRI for the set Z of all
pointed Kripke models for A.

Proof Hint. If |A] = 1, then PRIS = MLZ (Definition 3.3) and so the result follows from
Theorem 6.6. If |A] > 1, then the PUBZ-formula [p]~C4—p; cannot be expressed in PRIZ.
[l

Theorem 6.11 tells us that the language PRIé of private communication with common
knowledge cannot say everything that can be said in the language PUBé of public commu-
nication with common knowledge. Since PRI1Z <7 PRIZ for each set T of pointed Kripke
models for A, combining Theorems 6.10 and 6.11 yields the following result.

Theorem 6.12 ([10, 35]). Let A be an agent set satisfying |A| > 2 and let Z be the set
of all pointed Kripke models for A. Then the languages PUBé and PRIé‘ are expressively
incomparable for 7.

Theorem 6.12 uses the notion of relative expressivity to provide a formal proof that
validates our intuition that public and private communication are fundamentally different
communicative types.

"Theorem 6.10 fails in the case |A| =1 for a trivial reason: |A| = 1 implies that PRI12 = PUBZ.
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7 Extensions and Embeddings of BMS Logic

7.1 Relativized Common Knowledge

We have seen that public communication does not add expressivity to the language ML?
of modal logic without common knowledge (Theorem 6.3), but that this result fails for the
language MLZ of modal logic with common knowledge (Theorem 6.6). In [48], it is observed
that the failure of the result in the latter case results from the inability of the language MLé
to express the concept that the authors of [48] call relativized common knowledge.

Definition 7.1. Let A be an agent set. For each of the languages £ € {I\/ILA, PUBA}, the
language of £ with relativized common knowledge, written £re, is the extension of £ obtained
by adding the following rule of formula formation: if ¢ and 1 are formulas and G C A, then
Ca(p, 1) is also a formula.

The new formula Cg(g, ) is read, “¢ is common knowledge to the group G relative
to ¢.” The idea is that the formula 1 is common knowledge to the group G subject to
the group G making the joint assumption that ¢ is true. The semantics of the relativized
common knowledge modal is given by the following definition.

Definition 7.2. Let A be an agent set. For each £ € {ML%, PUB%4}, truth of a £-formula
at a pointed Kripke model (M, I") for A with M = (W, R, V) is given by an induction on the
construction of ¢, with the cases of this induction obtained by adding to the cases for £ (found
either in Definition 2.6 or in Definition 3.4) the following inductive case: M,T" = Ca(p, 1)
means that for each n € N, if {T';}7_, is a sequence of worlds in M such that M,y = ¢ for
each k € N with £ < n, I'y =T, and each k£ € N satisfying £ < n has an ¢ € GG such that
[y Ry, then M T, = 4.

Note that unlike common knowledge, the statement M, I" = Ci(p, ) of ¢ being common
knowledge relative to ¢ requires that the sequence {I'y}7_, of worlds in M all satisfy ¢. It
turns out that this is the key concept that expressively differentiates MLé and PUBé.

Theorem 7.3 ([48]). Let A be an agent set. Then PUB%, <7 ML7, and PUBZ <7 ML7,
for each set 7 of pointed Kripke models for A.

The translation function u : (PUBE‘C U PUBé) — ML#, used in the proof of Theorem 7.3
is given in Figure 7. In addition, it is shown in [48] that the expressive relationship that
Theorem 7.3 states holds between PUBZ and MLy is a strict relationship, which is the
content of the following theorem.

Theorem 7.4 ([48]). Let A be an agent set. Then ML is strictly more expressive than
PUBZ for the set Z of all pointed Kripke models for A.

Proof Hint. The ML}%C-formula Ca(po, 7 K;po) cannot be expressed in PUBé. O
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P := p, for each atom p

(p Do) = " Dy

(Kip)" = K"

(Cop)” = Ca(T,¢")

([@]p)u = " D p, for each atom p
(L@ 2x)" = (el)" > ([elx)"

([l Ei) = "D Ki([plv)"
([lCaw)” = ([¢]Ca(T, )"
(PCaly, x))" = Ca(so A ([el)* ([ex)")
([Pll]x)” = (e Alelelx)”

Figure 7. Inductive definition of the translation function u : PUB#. — MLfs used in the proof of
Theorem 7.3.

7.2 Epistemic PDL

A fundamental result in the study of BMS Logic shows that the language of BMSé is a
fragment of PDL [48]. This tells us that the expressivity results we surveyed all concern the
expressive relationships between various fragments of epistemic PDL [48].

Definition 7.5 ([48]). Let A be an agent set. The language of epistemic propositional
dynamic logic (for A), written PDL?, consists of the formulas ¢ and the programs o built
by the following grammar.

v ou= ol LT e Doy
a = 1|7 |ana|agUay | af
keN 1€ A

Formulas written using other logical connectives are understood as abbreviations for the
appropriate formulas in the above language.

PDL? formulas are interpreted at pointed Kripke models for A according to the usual
semantics for PDL [24].

Definition 7.6. Let A be an agent set and let M = (W, R, V) be a Kripke model for A
with I' € M a world in M. By the following simultaneous induction on the construction
of PDLA-formulas and -programs, we both define what it means for a PDL"-formula to be
true at the pointed Kripke model (M,T') for A and also associate to each PDLA-program o
a binary relation [a] € 2"*W on W.

o M, T |= pr means that I' € V(py).
o M\~ L and M,I"|=T.
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M,T = @1 D ¢ means that M, T (£ @1 or M, T |= ¢.

e M. T | [a]p means that M, A |= ¢ for each A € M satisfying I'[a] A.
[ [[2]] = Rz
o [79] = {(AA) € W?: (A=A A(M,A )}

[ag; as] == {(A,A’) e W?2: (3Q € W)(Afa ]2 A Q[[ozg]]A’)}

[on U as] := [on] U [az]

[e*] = [e]*, the reflexive-transitive closure of [«
The various notions of validity from Definition 2.6 carry over directly to PDL-formulas.
The following theorem provides a sense in which BMS$ is a fragment of PDL#.

Theorem 7.7 ([48]). Let A be an agent set. Then PDL# is more expressive than BMS for
the set of all pointed Kripke models for A.

7.3 Temporal Considerations

In the introduction to this paper, we described how a run in a distributed system made up
of the agents in the agent set A may be viewed as a sequence

(Mb F1>7 (M27 FZ)) (M37 F3)7 SR (Mna Fn)

of pointed Kripke models for A, where the full description of the k-th state of the run is
given by the pointed Kripke model (M, I'y). We can extend our semantics so that it more
closely matches this view of a distributed system.

Definition 7.8. Let A be an agent set. A run (for A) is a finite nonempty sequence of
pointed Kripke models for A. If r = {(Mk,Fk)}ZZI and 7’ are runs for A and (M,T') is a
pointed Kripke model for A, then we adopt the following notation.

|r| denotes the length of the sequence r.

e For each m € N with m < n, we let 7™ denote the prefix {(Mk,Fk)}Z;T of the
sequence r. (We let {(Mk, Fk)}2:1 denote the empty sequence.)

e m(r) is the model M,,.

e 7o(r) is the world T',,.

e W7 is the set W’ in the pointed Kripke model (W', R',V’),I") := (M,,T,,).

e R" is the function R’ in the pointed Kripke model ((W’, RV, F’) = (M,,T,).
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V" is the function V' in the pointed Kripke model ((W’, RV, F’) = (M,,T,).

r; 7’ is the run consisting of the enumeration of the sequence r followed by the enumer-
ation of the sequence 7.

r; (M, T') is the run consisting of the enumeration of r followed by (M, T').

For each i € A, we write r —; 7’ to mean we have that () = /() that m (r) = m,(+'),
and that mo(r)R ma(1").

We will sometimes identify the pointed Kripke model (M,I") for A with the run for A
consisting of just the pointed model (M, T") itself. But we will only make this identification
when doing so ought not cause confusion.

We may interpret Bl\/lSé—formulas at a run r for A by a straightforward adaptation of
the semantics for BMSZ-formulas at pointed Kripke models for A (Definition 4.5).

Definition 7.9. Let A be an agent set. Truth of a formula ¢ € BMSé at a run r for A is
given by the following induction on the construction of Bl\/lSé—formulas.

e 1 = pr, means that mo(r) € V" (pg).
erElandr=T.

e 7 = @1 D o means that r [~ ¢y or r = .

r = K;p means that 1’ |= ¢ for each run ’ for A satisfying r —; 7’

r = Cap means that ' = ¢ for each run 7’ for A satisfying r —§ 1.

r = [B, w]e means that either we have r £ B(w) or else we have both r = B(w) and
r[B,w] | ¢, where the run r[B,w] for B = (U, S,1) is defined as r; (M’, (r,w)) with
the Kripke model M’ = (W' R', V") for A defined as follows.

- W ={(,v) R, xU:r' |= B(v)}
Here R, is the set of all runs 7’ for A such that ') =) and 7, (r') = 7, (7).

— For each i € A: R is the set
{((T17U1)7 (72, Uz)) eWw?: (r1 —im2) A (U1Sﬂ/2)}

= V'(p) = {(r',0) e W' 17" = pi}
In this semantics, BMS frames can be used to explicitly generate runs.

Definition 7.10. Let A be an agent set and let B = {(Bk,vk)}zzl be a finite nonempty

sequence of pointed BMS frames for A such that (B, vg) € BMSé for each k € N* satisfying
k <n.
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e Let r be a run for A. We define a sequence {ry}7", of runs for A by the following
induction.

— 719 18 defined as the run r.

— For each k € NT satisfying &k < n, if we defined the run 7,_; and we have that
rr—1 | Bi(vg), then the run 7y, is defined as ry_1;7_1[By, vx] (see Definition 7.9).

The run generated from r by B, written Gen(B,r), is the run r,, at the end of the
above-defined sequence {ry}}",, where m € N satisfies m < n (with the particular
value of m determined by how far the above-specified induction could be carried out).

e To say that the run r for A is generated means that there is a finite nonempty sequence
B’ of pointed BMS frames for A and a run ' for A such that » = Gen(8’,r').

Thus we see that when we interpret the language Bl\/ISg1 at runs for A, the language itself
describes the explicit generation of runs: to evaluate the formula

Y = [Bl,’Ul][BQ,’UQ][Bg,’Ug] e [Bn, U,J’(ﬁ

at a run r, the semantics has us construct Gen(B,r), where B := {(B, U’f>}Z:1‘ We then
call ¢ true at the run r if and only if we have either that |Gen(B,r)| < |r| + n or else that
|Gen(B,r)| = |r| + n and ¢ is true at Gen(B,r). In this way, we see that formulas of the
form

[Bi,01][Ba, v2][Bs, vs] - - - [ By, va]t

allow us to reason about the possible runs that can be generated from r.

In modeling situations where communication must happen according to a certain pre-
scribed protocol, we must restrict the finite nonempty sequences {(Bk,vk)}zzl of pointed
BMS frames for A that may be used in generating a run so as to agree with the protocol.
This is the purpose of the next definition.

Definition 7.11 ([47, 46]). Let A be an agent set and £ be a language. A BMS protocol
(for A in language £) is a set P of finite nonempty sequences of pointed BMS frames for
A in language £ such that P is prefiz-closed: if B € P and the nonempty sequence B’ of
pointed BMS frames for A is a prefix of the sequence 9B, then B’ € .

By choosing a particular BMS protocol, we can specify just those sequences of pointed
BMS frames that may be used in generating a run.

Definition 7.12 ([47, 46]). Let A be an agent set, let 8 be a BMS protocol for A, and let
r be a run for A.

e The tree generated from r by (the) BMS protocol B, written Tree(3, r), is defined by

Tree(P,r) := {Gen(B,r) : B € P} .
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e To say that a set S of runs for A is generated (by a BMS protocol) means that there is
a BMS protocol B’ for A and a run r’ for A such that S = Tree(P’, ).

In viewing the language BMSé in terms of its ability to describe possible generated runs,
there are various temporal modalities that we might like to add to our language in order to
increase the ability of the language to express properties of generated runs. Let us briefly
survey the work that has been done along these lines.

7.3.1 Past-Looking Temporal Modalities

Often our interest is not so much in the runs that may be generated from the current run
but instead on the prefixes of this current run, which are just those runs we encountered in
the past as the system evolved toward the current run. So if we suppose that the system is
in state (M, I',) after the generated run

(Mb F1>7 (Mh Fl)a (M27 FQ); SR (Mny Fn) )
then we are interested in the predecessors of this run, which consist of those runs
(Mh Fl)) (Mh F1)7 (MQa FQ)a sy (Mj7 F])

with j € N* satisfying j < n. In particular, if for the current run r we have that |r| > 1,
then we are interested in the yesterday of r, which is the nonempty prefix (") of H [38]. We
will call a modal Y a yesterday modal when the semantic condition for truth of a formula
Y at a run r satisfying |r| > 1 involves evaluating the truth of ¢ at the yesterday r*) of r.

Yap [58] and Sack [37, 38] each consider adding yesterday modals to fragments of BMS.
In particular, they consider two kinds of languages, each of which is defined in terms of a
fixed finite frame (U, S) and an agent set A.

e YBMSZ(U, S): BMS Logic with yesterday for (U, S) and A.
The formulas of this language are formed using the rules of formula formation for MLé
in addition to the following rules.
— If ¢ is a formula, then so is Y.
— If we have that (B,w) is a pointed BMS frame based on (U, S), that B(v) is a
formula for each v € B, and that ¢ is a formula, then [B, w]y is also a formula.
e ynBMSZ(U, S): BMS Logic with yesterday and nominals for (U, S) and A.
The formulas of this language are formed using the rules of formula formation for MLé
in addition to the following rules.
— If w € U, then w is a formula.

— If ¢ is a formula and w € U, then Y, ¢ is a formula.

— If we have that (B, w) is a pointed BMS frame based on (U, S), that B(v) is a
formula for each v € B, and that ¢ is a formula, then [B, w]y is also a formula.
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For a finite frame (U, S), let £ € {yBMSZ(U, S),ynBMSZ(U, S)}. Define the BMS proto-
col B as the set of all finite nonempty sequences {(Bk, vk)}Z:1 of pointed BMS frames for A
such that each (By,vy) is both in £ and also based on (U, S). We then interpret £-formulas
at runs coming from the set

U Tree(‘B, (M, F)) ,
(M.T)

which is just the set of all runs r that are generated both by the length-one run consisting of a
pointed Kripke model (M, T") for A and by the BMS protocol 8. Truth of an £-formula ¢ at a
run r € U( mr) Lree (‘}3, (M, F)) is given by extending the induction on formula construction
in Definition 4.5 to include the following cases.

e 7 |= Y means that either we have |r| = 1 or else we have both |r| > 1 and r() = ¢.
e 7 = w means that |r| > 1 and m(r) = (I, w).

e 7 = Y, means that either we have |r| = 1 or else we have that |r| > 1, that m(r) =
(I'",w), and that r() = .

Another yesterday modal that is not considered in detail in the work of Yap or of Sack
is the iterated yesterday modal Y*, whose interpretation is obtained by adding the following
case to the inductive definition of truth of a formula at a run 7 € U/ Tree(P, (M, 1)).

e r &= Y*p means that for each non-negative integer j € N with j < |r|, we have that
0) =
r Q.

Since each run is finite, it seems likely that the validities of the language of BMS Logic with
the iterated yesterday modal Y* are finitely axiomatizable, though this remains an open
question.

The interested reader is advised to consult [37, 38, 58] for detailed accounts of the yes-
terday modals Y and Y,, in BMS Logic.

7.3.2 Future-Looking Temporal Modalities

Yesterday modals let us evaluate what was true at the prefix of our current run r. By
identifying prefixes of r» with past states of our distributed system, yesterday modals let us
ask what was true of the system in the past. Following analogy, for us to evaluate what
is true of the system in the future, we may introduce modals that evaluate what is true
at runs that extend the current run r. In particular, we are interested in those runs r’
that are a tomorrow of r, by which we mean that r’ satisfies the equality v = r[B, w] (see
Definition 7.9) for some pointed BMS frame (B, w). We will call a modal F' a tomorrow
modal when the semantic condition for truth of a formula F¢ at a run r involves evaluating
the truth of ¢ at at least one of the tomorrows of r.

The language BMSé already has many tomorrow modals: for each pointed BMS frame
(B,w) with r = B(w), the modal [B, w] is a tomorrow modal whose truth condition involves
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exactly one tomorrow of r, the tomorrow r[B, w]. But we may be interested in other tomor-
row modals with more flexible temporal structure. We list two interesting tomorrow modals
F' by describing the inductive condition for the truth of a formula Fy at a run r for the
agent set A. Terminology: to add a modal K to a language £ means to obtain the extension
of £ given by adding the rule of formula formation that produces a formula K¢ from each
formula ¢.

o The iterated tomorrow modal [B,w]*.

Definition. r = [B, w]|*p means that r = [B, w]"p for each n € N, where the formula
[B, w]™ is defined by the following induction.

n o ® itn=0,
(B, w]"p = { [B,w][B,w]" ¢ if n > 0.

The first work on iterated tomorrow modals is [31]. Let the language £ be the extension
of ML# obtained by adding the iterated tomorrow modal [Pub;‘, 0]* (see Definition 4.8)
for each formula ¢ € £, and let £+ be the analogous extension of MLé. It is shown in
[31] that the satisfiability problem for each of £ and £¢ is 3{-complete.

Whether languages with other interesting iterated tomorrow modals are finitely axiom-
atizable is open, though the work in [31] suggests that the answer for many iterated
tomorrow modals ought to be negative.

e The branching tomorrow modal Fy for a BMS protocol .
Definition. r |= Fipp means that ' = ¢ for each r’ € Tree(*B, ).

The work [5] studies the following notion of arbitrary public communication. Let B be
the BMS protocol consisting of all length-one runs made up of a pointed BMS frame
(Pubs‘;‘,O) for some ¢ € BMSZ. Then Fyp says that ¢ is true after each possible
public communication, which we may take to be the meaning of the statement “p
is true after an arbitrary public communication.” Defining the language of arbitrary
public communication (for A), written aPUB*, as the extension of ML* obtained by
adding the branching tomorrow modal Fi and the tomorrow modal [Pubé, 0] for each

¢ € aPUB*, it is shown in [5] that the validities of aPUB* are finitely axiomatizable.

It is open whether the branching tomorrow modal for other interesting BMS protocols
is finitely axiomatizable.

7.3.3 Connections with Epistemic Temporal Logic

We have discussed a temporal view of runs: if r is the current run, then a prefix of r
represents a past state of the system and an extension of r represents a possible future state
of the system. In the language BI\/lSé of BMS Logic, a future run is generated from a given
run r by a specific sequence {(Bk, Uk)}Z:1 of pointed BMS frames. We can think of the k-th
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step in this generation as the occurrence of the communication event described by (B, vg),
which is an event whose occurrence takes us from the run

T[Bl, Ul][327 Uz][B3, 713] T [Bk—la Uk—1]

to the run
7"[317 Ul][B27 UZ][B& Us] ce [kal, kal][Bka Uk] .

To understand what it means for the event described by (B, vx) to occur, we follow Parikh
and Ramanujam: identify the meaning of an event with the possible occurrences of that
event [32, 33|. Thus if we let a nonempty prefix-closed set H of generated runs represent the
space of possible runs for a given distributed system, then we define the meaning in ‘H of
the event described by (By, vx), written Semy (B, vx), by setting

Semy(By, vx) := {(r1,m2) € H X H 11y = 11[By, vi]}

As we can identify a run with a timeline that provides a discrete, moment-by-moment de-
scription of our distributed system—a system whose running constraints are given by H—the
meaning in H of the event e described by (B, vg) is just the changes in the system that are
brought about by an occurrence of the event e.

This line of thinking leads to a more general definition: if H is a nonempty prefix-closed
set of runs, then a semantic event (in H) is a binary relation on H [32, 33]. From this
perspective, the semantic events described by pointed BMS frames make up only a subset of
the set of all semantic events. The language BMSé of BMS Logic is thus the logic of BMS
events, which are just the semantic events that can be described by a pointed BMS frame.
But there are other languages that more directly address the notion of (semantic) event, and
so it is fruitful to look at connections between BMSé and these event-based languages.

One event-based language that has been studied in this vein is the language of epistemic
temporal logic [4, 46, 47]. Defining this language begins by specifying a set of names for
semantic events.

Definition 7.13. An event set is a nonempty, at-most—countable set. We refer to the
members of an event set as events.

With an event set and agent set in hand, we follow [46, 47] and define the basic languages
of epistemic temporal logic as follows.

Definition 7.14. Let A be an agent set and X be an event set.

e The language of epistemic temporal logic (for A with events 3 ), written ETLA(D), is
the extension of ML# obtained by adding the following rule of formula formation: if ¢
is a formula and e € ¥ is an event, then N,y is also a formula.

e The language of epistemic temporal logic (for A with events 33 ) with common knowledge,
written ETLZ(X), is the extension of ETL?(X) obtained by adding the following rule
of formula formation: if ¢ is a formula and G C A, then Cgyp is also a formula.
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We base our semantics for the language of epistemic temporal logic on the work of Parikh
and Ramanujam [32, 33].

Definition 7.15 (Adapted from [32, 33]). Let A be an agent set and X be an event set. A
history model (for A with events ¥.) is a pair (H, E') whose components are as follows.

e 7 is a nonempty prefix-closed set of runs for A.8 The members of H are called histories.

o [:% — 2™ g a function mapping each event e € X to a binary relation E(e) on H.
(This function maps each event e € ¥ to a semantic event E(e) in H.)

A pointed history model (for A and ¥) is a tuple (H, E,r) consisting of a history model
(H, E) for A with events ¥ and a history r € H. Each formula ¢ € ETLA(Y) is interpreted
at a pointed history model (H, E,r) for A according to the following induction on formula
construction.

e H,E,r = p, means that r = py (see Definition 7.9).

H,E,;rtE 1L and H,E,r =T.

H, E,r = @1 D o means that H, E,r £ o1 or H,E,r | ps.

H, E,h = K;p means that H, E, 1" |= ¢ for each ' € H satisfying r —; /.

H, E,r |= Cap means that H, E, 1’ |= ¢ for each 1’ € 'H satisfying r —F 1.
e H,E,r = N.p means that H, E,r’ |= ¢ for each r’' € H satisfying rE(e)r’.

To connect ETLS with BMSZ, we only need observe that a run 7 for A may itself be
viewed as a history model for A: given a BMS protocol 3, the tree Tree(J3, ) generated
from r is a nonempty prefix-closed set of runs for A. Taking the event set ¥ to be the set
of all pointed BMS frames for A, we may then define E as the function that maps a BMS
frame for A to its semantics.

Definition 7.16. Let A be an agent set, let 8 be a BMS protocol for A, let r be a run for
A, and let X be the set of all pointed BMS frames for A. The pointed history model (for A)
generated from (P, r), written His(P, r), is defined by

His(*B, r) := (Tree(&]ﬁ?,r),E,r) ,
where the function E : ¥ — 2Tre(®1)? ig defined by setting
E(B,w) := {(r1,m5) € Tree(P,r)* : ro = r1[B, w]}
for each (B,w) € ¥. Observe that E(B,w) = SeMyee(g,r) (B, w).

8To say that a set H of runs for A is prefiz-closed means that for each run » € H, if »’ is a run for A such
that the (nonempty) sequence 7’ is a prefix of r, then 7’ € H. Note in particular that a prefix-closed set H
of runs does not contain the empty sequence. This makes sense: while the empty sequence is a sequence of
pointed Kripke models for A, the empty sequence is not itself a run because it is not nonempty.
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P := p, for each atom p

(D) = "Dy
(Kip)" = K"
(Cap)t == Cgp"
([B,v]p)" = N

Figure 8. Inductive definition of a function u : BMSZ — ETLZ(Z) from Theorem 7.18, where ¥ is the set

of all pointed BMS frames for A. Note that [B,v] is a modal in the language BMSZ, whereas (B, v) is an
event in the language ETLA(X).

Truth of an ETLZ(X)-formula in a pointed history model (H, E, r) depends highly on the
structure of the set H. As an example: H need not be closed under all possible BMS events,
by which we mean that if r € H is a run for A and (B, w) is a pointed BMS frame for A
such that r = B(w), then it need not be the case that r[B,w| € ‘H. It is as a result of this
example that we define a notion of truth for BMSA-formulas that is relative to a given BMS
protocol for A.

Definition 7.17. Let A be an agent set and let 8 be a BMS protocol for A. For each formula
Y E BMSé, the notion of ¢ being true relative to B at a run r for A, written r =g ¢, is
defined by the following induction on BMSé—formula construction.

e If  is not of the form [B,w]p, then the inductive case for ¢ is obtained from the
appropriate inductive case in Definition 7.9 by replacing each occurrence of the turnstile
“E=" by the turnstile “k=gq".

o r =q [B,w]p means that either r g B(w) or else r =g B(w), r[B,w] € B, and
(B, wl g o

If 7 is a set of runs for A, then to say that a formula ¢ € BMS‘S is walid for I relative to ‘B,
written Z =g ¢, means that r’ =g ¢ for each v’ € Z. To say that a formula ¢ € BMSfC1 is
valid relative to P, written =g ¢, means that ¢ is valid for the set of all runs for A relative

to L.

Having a notion of protocol-relative truth for BMSé allows for a straightforward connec-
tion between the languages ETLS and BMSZ.

Theorem 7.18 ([4, 47, 46]). Let A be an agent set, let B be a BMS protocol for A, and let
Y be the set of all pointed BMS frames for A. Define the function u : BMSZ — ETLA(X)
according to the induction in Figure 8. Then for each formula ¢ € BMSfC1 and each run r for
A, we have r |=q ¢ if and only if His(B, r) = ¢

Theorem 7.18 essentially says that ETLé is at least as expressive as BI\/ISé, though we
need to massage some of the details in order to make this precise.
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Corollary 7.19 ([4, 47, 46]). Let A be an agent set, let X be the set of all pointed BMS
frames for A, and let B be the set of all finite nonempty sequences of pointed BMS frames
for A. For each r € P and formula y € ETLA(X), we let r = x abbreviate His(,7) = x,
thereby providing us with a common semantics for BMS3-formulas and ETLZ(X)-formulas.
Then it follows from Theorem 7.18 that we have BMSS <7 ETLA(X) for each set T of
generated runs for A.

The most comprehensive works studying connections between BMSé and ETLé(Z) are
[46, 47]. In the former work, the authors introduce a notion of frame correspondence that
connects the languages BMSé and ETLé(E) by identifying structural properties of BMS pro-
tocols with validities of ETLé‘(E). This points to the possibility of using epistemic temporal
logic as the primary tool for a more general study of the relationship between BMS protocols
and their generated trees.

In addition, the work [46] opens up a new study of axiomatization for relative validity
by proving the following theorem.

Theorem 7.20 ([46]). Let A be an agent set, let ¥ be the set of all pointed BMS frames of
the form (Pub;;, 0) for some ¢ € BMSZ, and let S be the set of all BMS protocols 9 for A
such that each B € P is a finite nonempty sequence over ¥. Then the set

{p €BMSS: (VP eS)(Fyp)}

of BMSé-validities relative to all BMS protocols for public communication is finitely axiom-
atizable.

An interesting next-step along the lines of Theorem 7.20 is to identify other interesting
sets S of BMS protocols (example: BMS protocols for private communication) and axioma-
tize the BMSg-validities relative to all of those BMS protocols in S.

Carrying out the work in this section for other natural temporal extensions of ETLA(X)
(both past-looking and future-looking) and for the corresponding extensions of BMSé would
likely be a fruitful area of further research. Suggested extensions may be found in [46].

8 Issues of Doxastic Change

An update (for a language £) is a partial function p that maps an interpretation I for £-
formulas to another interpretation p(I) for £-formulas. In the language BI\/lSé of BMS Logic,
a pointed BMS frame (B, w) induces an update /(g that maps a pointed Kripke model
(M, T') satisfying M,I" = B(w) to the pointed Kripke model ji(p .\ (M,T') := (M[B], (T, w))
It is in this sense that the language BMSé of BMS Logic is the logic of the BMS updates,
the updates induced by pointed BMS frames.

8.1 Successful Updates

BMS updates do not affect the basic facts of the situation we are modeling: a propositional
letter py is true at a situation (M,I) if and only if py is true at the updated situation
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t(Bw)(M,I'). But a BMS update can change the beliefs and knowledge of the agents in our
fixed agent set A. As an example, if we have that M, T" = pg A (/\ieA - ipg) (“po is true but
no one knows it”), then we have that N(Pubg‘o,o)(M ,I') = Capo (“the public communication
that pg is true makes it common knowledge that py is true”). In this example, while the
update H(pub? 0) did not affect the truth of the propositional letter pg, this update did affect
the agents’ knowledge of the truth of py.

Thus while the truth of purely Boolean formulas in BMSé does not change as a result
of a BMS update, BMSé—formulas containing a modal K; sometimes do. A number of
authors have looked into the question the formulas that, when true, remain true after certain
BMS updates [2, 5, 21, 22, 43, 44, 52]. Most of this work has focused on the successful
BMSé—formulas, which are the BMSé—formulas that, when true, remain true after they are
communicated publicly.

Definition 8.1 ([21, 52]). Let A be an agent set and ¢ € BMSZ be a formula. To say that
¢ is successful means that [p]p is valid.

For the language ML? of modal logic without common knowledge, there is a syntactic
characterization for the set of successful ML*-formulas.

Theorem 8.2 ([2, 44]). Let A be an agent set. Define the fragment € of ML# as the formulas
© given by the following grammar.

@ = | Pk o1 N2 | 1 Vs | Kip
keN, i€ A

Then a formula ¢ € ML? is successful if and only if there is a ¢ € £ such that E Y=

But for extensions of ML#, and in particular for the extensions ML& and PUBZ, the
best results up to now identify certain successful fragments but do not prove that these
fragments contain all of the successful formulas in the language. So these results set out
sufficient conditions for a formula in a particular language to be successful, but these results
do not set out necessary conditions for a formula in the language to be successful.

Theorem 8.3 ([21]). Let A be an agent set. Define the fragment £ of PUB* as the formulas
¢ € PUB? such that each subformula K;i) of » appears positively in . Then for each
formula ¢ € PUB* such that there is a ¢ € £ with =1 = ¢, we have that ¢ is successful.

Theorem 8.4 ([52]). Let A be an agent set. Define the fragment £ of PUBZ as the formulas
Y e PUBé given by the following grammar.

@ = ok | er A2 |1 Vs | Kip| Cap | [me1]es
keN, icA GCA

Then for each formula ¢ € PUBé such that there is a ¢ € £ with =1 = ¢, we have that
© is successful.
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Theorem 8.5 ([5]). Let A be an agent set and let aPUB* be the language of arbitrary public
announcements for A (defined in §7.3.2). Define the fragment £ of aPUB* by the following
grammar.
o u= pelpe et A1V | Kig | [neies | Fap
keN, i€ A

Then for each formula ¢ € aPUB“ such that there is a ¢ € £ with = ¢ = ¢, we have that
 is successful.

Providing a syntactic characterization of the successful PUBé—formulaS has been an open
problem for some time. And the more general question—which formulas that, when true,
remain true under other BMS updates—has not yet been addressed at all. For the more
general question, a generalized definition of successful formula for a BMS update needs to
be worked out. The latter definition needs to take into account the fact that a pointed BMS
frame B = (U, S,l) with |U| > 1 has labelings on its underlying frame (U, .S) that vary at
more than one world, requiring the notion of successful formula for BMS update given by
[B,w] to take into account each of the |U| parameters. But for some special BMS frames,
such as Pri?a ¢, the definition is straightforward: to say that ¢ € BMSé is successful for
private communication to G means that [p— Gy is valid. Nonetheless, these issues have
yet to be investigated.

8.2 Epistemic Puzzles

PUBé7 the first language of Dynamic Epistemic Logic, was introduced in [34] to reason
about knowledge change. It was shown by example in this work how we can properly reason
about epistemic puzzles having the following form: some true statement ¢ is communicated
publicly a number of times, after which the statement ¢ becomes false. What is “puzzling”
about these puzzles is fact that announcing a true statement can make that very statement
false. Put another way, we are to be puzzled that there are unsuccessful formulas (defined
as those formulas that are not successful).

There are a number of well-known epistemic puzzles, each of which generally goes by
a number of names (of varying political correctness). Since this author is too pained to
retell these often-told puzzles, he will simply name a few along with some canonical (but
not necessarily original) sources for further reading: the Muddy Children Puzzle [21, 34, 52],
the Sum-and-Product Puzzle [34, 53], the Surprise Examination Paradox [22, 52], and card
game puzzles [49, 50, 56].

8.3 The Fitch and Moore Paradoxes

Fitch’s Paradox of Knowability [15] concerns the derivability of contradiction in epistemic
logic if we accept the verificationist principle, which we express modally as the verificationist
scheme

0 DK p .
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Here the modal < is a future-looking temporal modal that represents the passage of time—
during which we presumably learn more than we already know—leading us to read the
verificationist scheme as “any truth will eventually be known.”

If we assume that there is some unknown truth, then a contradiction can be derived from
the verificationist scheme in the fusion logic T x K consisting of the (epistemic) modal logic
T for the modal K; and the (minimal) modal logic K for the modal O := ==, To derive
the contradiction, assume py A =K;py (“pp is an unknown truth”), substitute py A =K;p, for
each occurrence of ¢ in the verificationist scheme, and then reason in T x K [15, 43].

The assumption pg A = K;py in this derivation is known as Moore’s Paradoz (or Problem):
the sentence py A =K;py is a sentence that can be true but cannot be known (by agent )
because i’s knowing the first conjunct py makes the second conjunct —K;py false [39, 43].°
Since public communication can be seen as a kind of learning (in that it eliminates from
consideration some possible worlds, decreasing the agents’ uncertainty as to which is the
actual world), we would expect that this Moore sentence cannot be learned through public
communication. And this is indeed correct: if pg A = K;py is true at the pointed Kripke
model (M, T), then the public communication of this formula makes the formula false at the
resulting pointed Kripke model:

M, T = [po A ~Kipo]—(po A ~K;po) .

So we see that pg A = K;pg is an unsuccessful BMSé—formula.

Researchers have recently began to study the reasoning in the Fitch and Moore Paradoxes
using tools from Dynamic Epistemic Logic [5, 43]. In particular, the language aPUB* of
arbitrary public announcements (defined in §7.3.2) from [5] has been used to introduce two
notions of truth-preservation that ought to be useful in reasoning about the Fitch Paradox.

Definition 8.6. Let A be an agent set and let ¢ € aPUB? be a formula (see §7.3.2 for the
definition of aPUB#).

e To say that ¢ is preserved means that = ¢ D Fyp.
e To say that ¢ is knowable means that = ¢ D = Fy—Fap.

So ¢ is preserved exactly when its truth is preserved under all possible public commu-
nications of a formula in PUB?, and ¢ is knowable exactly when the truth of ¢ implies
that the public communication of a formula in PUB# makes it so that everyone knows ¢.
The following theorem concerns the known relationships between preserved, successful, and
knowable formulas.

Theorem 8.7 ([5]). Let A be an agent set and let ¢ € aPUB* be a formula. Recall that ¢
is successful if and only if = [p]ep.

9The original formulation of Moore’s Problem concerns belief (“p but I don’t believe it”), though many
authors—including van Benthem [43] and Hintikka [25]—consider the knowledge version (“p but I don’t
know it”).
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e For each formula ¢ such that there is a formula v in the language £ of Theorem 8.5
with = ¢ = 1, we have that ¢ is preserved.

e If © is preserved, then ¢ is successful.
o If ¢ is successful, then ¢ is knowable.

Providing an exact syntactic characterization for each of the preserved and knowable
formulas is an open problem. Solving the latter might shed some light on the structure of
what is knowable, perhaps providing a revised verificationist principle that has the essential
spirit of the original verificationist principle without the pathology of the Moore sentence.

9 Other Work

Broadly construed, Dynamic Epistemic Logic is the study of how to reason about model
change. Most of this survey has focused on the changes to Kripke models and runs of Kripke
models that arise from BMS updates. There is, however, no reason to restrict attention
BMS updates on these models. Accordingly, much recent activity in Dynamic Epistemic
Logic research has focused on other types of model change. We will briefly mention a few
these, directing the reader elsewhere for further reading.

9.1 Valuation Changes

BMS updates do not affect the truth of basic facts; that is, for each pointed Kripke model
(M,T") for a fixed agent set A, each pointed BMS frame (B, w) for A such that (B,w) is
executable at (M, T"), and each formula ¢ € PL in the language of propositional logic, we have
that M, T |= ¢ if and only if M[B], (T, w) = ¢. But sometimes we want to model changes
of fact. A number of authors have proposed extended languages for reasoning about BMS
updates or other updates with valuation changes, and many of these authors consider other
kinds of change as well. We invite the reader to consult [7, 17, 28, 48] and the references
therein.

9.2 Belief Revision

Belief Revision is the study of how to consistently incorporate new beliefs, even if these
new beliefs contradict old beliefs [1, 20]. The popular AGM approach to belief revision
[1, 20] proposes a number of postulates to be satisfied by theories modeling changes in the
propositional beliefs of a single agent. Recent work in Dynamic Epistemic Logic has labored
to extend this approach to multi-agent systems having higher-order beliefs, all in a language
compatible with other work in Dynamic Epistemic Logic. The interested reader is invited to
consult [11, 12, 13, 40, 42, 51, 54] and the references therein for information on this work.
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9.3 Updates and Probabilistic Reasoning

Logics for reasoning about static knowledge and probability have been around for some time
[18, 23]. Some research in Dynamic Epistemic Logic has looked at dynamic knowledge with
probabilities, where we can have not only change in knowledge or belief but also in agents’
probability measures. Some of this work has been applied to (probabilistic) belief revision,
while some of it has focused purely on dynamic probabilistic reasoning. For information on
this work, the reader is invited to consult [3, 11, 12, 26, 27, 45] and the references therein.
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