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Abstract

Dynamic Epistemic Logic (DEL) is the study of how to reason about knowledge,
belief, and communication. This paper studies the relative expressivity of certain
fragments of the DEL language for public and private communication. It is shown
that the language of public communication with common knowledge and the language
of private communication with common knowledge are expressively incomparable for
the class of all pointed Kripke models, which provides a formal proof that public
and private communication are fundamentally different in the presence of common
knowledge. It is also shown that single-recipient private communication does not add
expressive power to the language of modal logic with common knowledge for any class
of transitive pointed Kripke models. The latter result provides a sense in which positive
introspection—believing our own beliefs—induces a kind of self-dialog.

1 The Paradigmatic Approach in Formal Epistemology

Since Hintikka [8], the paradigmatic approach in formal epistemology has been to use modal
logic to reason about the doxastic attitudes (that is, things like propositional knowledge and
propositional belief) that are held by a number of individuals commonly called agents. The
essence of this approach is to argue that a doxastic attitude is logically closed under certain
principles that can be expressed in the language of modal logic. As an example, most authors
agree that knowledge is veridical (meaning that there is no “false knowledge”: a statement
¢ must be true in the event agent i knows ), and so such authors invite us to accept the
modal scheme K;p D ¢ (“if agent i knows ¢, then ¢ is true”) as a principle of logical closure
that is an essential component of a correct descriptive characterization of knowledge [5].
Such argumentation generally advocates that a particular modal logic ought to be accepted
as the logic of the doxastic attitude in question on the basis that it is this logic that consists
of exactly those principles of logical closure that were argued to be essential to that doxastic
attitude. Examples: S5 is often taken as the logic of knowledge, and KD45 is often taken as
the logic of belief [5].
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There are a number of straightforward objections to this particular analysis of knowledge,
perhaps the most persistent and powerful of which is the observation that this analysis
attributes logical omniscience to each of the agents, by which we mean that each agent
knows all logical consequences of his knowledge (and so knows, in particular, all logical
truths) [5, 11]. Hintikka himself made this observation.

Given a number of premises, logic does not tell us what conclusions we ought to draw
from them; it merely tells us what conclusions we may draw from them—if we wish
and if we are clever enough. [...] The applicability of our results may thus be said
to presuppose a certain amount of rationality in the people whose attitudes are being
discussed. In this respect, our logical theory is comparable with certain other theories
(e.g., the theory of games) which may also be said to depend on an assumption of
rationality. [...]

— Jaakko Hintikka, Knowledge and Belief, pp. 37-38 [8]

It is from this point of view that we begin the work of the present paper. In particular, we
wish to understand how the expressive power of logical languages that describe the knowledge
and beliefs of such ideally rational (that is, logically omniscient) agents is affected when we
extend the language by including public and private communications to the agents. The
basic idea is to try and see if there are certain propositions that can be expressed in a
language with one kind of communication that cannot be expressed in a language with
another kind of communication. Distinguishing these two languages in this way allows us to
distinguish between these two types of communication, which helps us understand whether
two intuitively distinct communicative types are in fact different for ideally rational agents
and, if so, why.

Understanding the differences in communicative types for ideally rational agents provides
important clues as to the fundamental communicative types that would constitute an account
of the dynamics of our imperfect everyday knowledge, and it is in this spirit that we pursue
the work of the present paper, understanding the word agent to refer to Hintikka’s ideally
rational individual.

Let us now begin our work by describing how it is that we add communication to the
language of modal logic.

2 Adding Communication to Modal Logic

In using modal logic to reason about the knowledge and belief of agents, we assume that a
complete description of a certain moment in time is given by a pointed Kripke model [5, 8].
Now a Kripke model itself consists of a nonzero number of worlds—each having its own
truth assignment describing the basic, immutable facts of that world—along with a number
of binary relations, one for each agent, that may or may not hold between any two worlds.
The binary relations represent agent uncertainty: if agent ¢’s relation connects world I' to
world A, then agent ¢ will consider it possible that the actual world is A whenever the world
is in fact I'. So for agent i to believe something at world I', that something must be true at
all those worlds 7 considers to be possible with respect to I'. This is just the Hintikka-Kripke
notion of belief [8, 9].



In this setup, knowledge is identified with correct belief: to say that agent i knows a
statement ¢ at world I" means that agent i believes ¢ at I" and this belief is correct (that is,
¢ is true at I') [5].

Now a pointed Kripke model is a pair (M,I") consisting of a Kripke model M and a
particular world I in M. The world I' is to be thought of as the actual world. The truth
assignment of the actual world I' tells us the basic facts of the situation represented by
(M,T). The purpose of the other worlds in M is to represent the agents’ beliefs. An agent’s
beliefs may concern both the basic facts of the situation (M, I") and also higher-order beliefs
(that is, beliefs about beliefs).

Since we have identified a pointed Kripke model (M,T") with a complete description of
a certain moment in time, a natural way to represent the passage of time is to consider
sequences of moments; that is, we consider sequences
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consisting of pointed Kripke models. This view of time is discrete, with the complete de-
scription of the A-th moment in time given by the pointed Kripke model (M, T').

Thinking of our agents as a distributed system, such a sequence of moments represents a
certain run of the system, where the (k + 1)-st moment is generated from the k-th moment
as a result of the occurrence of a communication to one or more of the agents. In reasoning
about such runs, we often want to consider how the agents’ knowledge and belief is affected
by a given kind of communication. Here are two examples.

1. If all agents receive a public communication that some basic statement p is true at the
actual world in moment (M, T'x), then it ought to be common knowledge in the next
moment (Myy1, Txy1) that p is true.!

2. If no agent knows whether p is true in moment (M, ['y), then the private communica-
tion to just those agents in group G that p is true ought to bring about a next moment
(My41,Tky1) in which p is common knowledge among the agents in G and yet p is still
unknown to the agents not in G.

Dynamic Epistemic Logic (DEL) is the study of how to reason about knowledge, belief,
and communication [1, 2, 6, 12, 14]. DEL uses modal logic as the basic language for describing
knowledge, belief, and fact.? This basic language is then extended in various ways in order
to describe what happens as a result of some communication. In this paper, we will consider
extensions of the following kind: for a group G of agents and statements ¢ and v, we will
write the statement

[p— GJY

'For present purposes, a basic statement p is an assertion about the world that is either eternally true or
eternally false. So the truth of a basic statement does not change when a communication occurs. What does
change is the agents’ knowledge of the truth of basic statements, the agents’ higher-order knowledge (that
is, knowledge about knowledge), or some combination thereof. So in the case of the public communication
of the basic statement p, the truth of p does not change, though the agents’ mutual knowledge as to the
truth of p does.

2For our purposes, the language of model logic is that obtained from the language of propositional logic
by adding a knowledge modal K; for each agent i.




to mean that 1 is true after ¢ is communicated privately to just those agents in group G.
We will use A to represent the group consisting of all agents, so the statement

[p— AlY

which we often abbreviate by [p]v, says that 1) is true after ¢ is communicated publicly to
all agents. Such statements allow us to express how communication affects knowledge and
belief. In particular, we can express our example statements above.

1. [p]CAp

In words: after the communication of p (to all agents), we have that p is common
knowledge (to all agents).

2. (Niea ~Kip) O [p—= Gl(Cap A Njeare ~Kip)
In words: if no agent ¢ € A knows p, then after the communication of p to just those

agents in group G, we have that p is common knowledge among those in G and that
no i € A\G knows p.

(Note: we always assume that A is finite.)

While we have only mentioned public and private communication, there is a natural way
to define much more general kinds of communication that allow for complicated combinations
of privacy and deceit [1]. With such a wide range of communications available, researchers
have begun to try and classify how these many communications relate [1, 3, 6, 7, 12, 13]. For
example, it has been shown that for the language of modal logic without common knowledge,
adding statements [¢]¢) of public communication does not add expressive power [3, 6, 12].
Thus the language of modal logic without common knowledge can already express propo-
sitions about public communication, even before we explicitly add public communication
formulas [¢]i) to the language.® But it has also been shown that this is not true of the
language of modal logic with common knowledge statements [3, 14].

Formally, such work is a study of the relative expressivity of the various languages ob-
tained from the language modal logic (with or without common knowledge) by adding ad-
ditional syntax to represent various classes of communication. Most of the known DEL
expressivity work has focused on public communication [3, 6, 12, 13, 14|, though some work
has been done on private communication [3], including a result that the language of private
communication with common knowledge can express a proposition that cannot be expressed
using the language of public communication with common knowledge. In the present paper,
we show that this result holds the other way around: the language of public communication
with common knowledge can express a proposition that cannot be expressed by the language

3A proposition is a set of pointed Kripke models. The proposition expressed by a formula consists of the
set of all pointed Kripke models at which the formula is true. (Definition 3.6 says what it means to say that a
formula in our to-be-defined language is true at a pointed Kripke model.) To say that a formula expresses a
proposition S means that the proposition expressed by the formula is equal to S. To say that a language can
express a proposition means that there is a formula in the language that expresses the proposition. To say
that a language cannot express a proposition means that it is not the case that the language can express the
proposition. To say that a formula cannot be expressed in a language means that the proposition expressed
by the formula cannot be expressed in the language.



of private communication with common knowledge. When we combine these two results—
the first from [3] and the second from our work in the present paper—we obtain a proof that
public and private communication with common knowledge are expressively incomparable.
This provides a formal sense in which public and private communication are fundamentally
different in the presence of common knowledge.

We also show that if our agents’ beliefs satisfy the property of positive introspection
(meaning each agent believes all of his beliefs), then the language of modal logic with common
knowledge can already express propositions about single-recipient private communication,
even before we explicitly add single-recipient private communication formulas [p— {i}]9 to
the language. A consequence of this curious result is that single-recipient private commu-
nication is implicit in KD45, the typical logic of belief [5]. Thus there is a sense in which
positively introspective belief already contains single-recipient private communication, which
is a way of saying that believing our own beliefs induces a kind of self-dialog.

3 Public and Private Communication

In this section, we introduce the syntax and semantics of our formal language for reasoning
about public and private communication.

3.1 Syntax

Our languages all concern the knowledge held by a finite, nonzero number of agents.
Definition 3.1. An agent set is a finite nonempty set.

Definition 3.2. Let A be an agent set.

e The language of modal logic (for A), written ML?, consists of the formulas ¢ built by
the following grammar.

o = pr| L] D | K
keN, ic A

{pr : k € N} is the set of propositional letters. L is the propositional constant for falsity.
A formula written using other logical connectives is understood as an abbreviation for
an appropriate formula in this language. In particular, T is an abbreviation for 1 D 1.

e For each G C A, we make the following abbreviation:

Erp /\ieG Kip if G#0,
@ T iG=0.

e The language of public and private communication (for A), written COM?, is the
extension of ML* obtained by adding the following rule of formula formation: if ¢ and
¢ are formulas and G C A, then [p— GJ¢ is also a formula.



Abbreviations: for each i € A, we let [p1— i]py abbreviate [p;— {i}]pa; we also let [p1]pg
abbreviate [p;— Aps.

The modal formulas K;p, Egp, and [p— G]ip have the following intuitive readings.
e K;p is read, “(agent) i knows ¢.”

o FEqp is read, “everyone in G knows ¢.”

e [po— G| is read, “4 is true after the communication of ¢ to just those in G.”

It will be useful to define a few fragments of our language COM#, with the particular
fragment determined by the various groups of agents that are allowed to receive a commu-
nication.

Definition 3.3. Let A be an agent set and let & C 24 be a possibly empty collection of
subsets of A. Then the language COM*(&) is the fragment of COM* obtained by restricting
all subformulas of the form [p— G]¢ so that G € &. Notation: for G C A and i € A, we let
COM#(@) denote COMA({G}) and we let COM# (i) denote COM#({i}).

We now define a few fragments of COM# that are of particular interest in the present
paper.

Definition 3.4. Let A be an agent set.
e The language of public communication (for A), written PUB*, is COM#(A).
e The language of private communication (for A), written PRI4, is COMA(2A\{A}).

e The language of single-recipient private communication (for A), written PRI1, is
COMA<{{z'} i€ A}}) .

Finally, we define the common knowledge extensions of the modal languages we defined
above.
Definition 3.5. Let A be an agent set. For each
£ e {ML4 COM# PUB# PRI* PRI1} |

the extension of £ with common knowledge, written £, is obtained from £ by adding the
following rule of formula formation: if ¢ is a formula and G C A, then Cg is also a formula.

Cap is read, “p is common knowledge to those in G.”



3.2 Semantics

COM@-formulas are interpreted using an extension of Kripke’s semantics for modal logic [9].
This extension is due to Baltag, Moss, and Solecki [1, 2].

Definition 3.6. Let A be an agent. A Kripke model (for A) is a tuple (W,{R;}ica,V)
whose components are given as follows.

e IV is a nonempty set whose elements are called worlds (in M ).
e For each i € A: R; is a binary relation on .4

o V:{p: ke N} — 2" is a function mapping each propositional letter p;, to a possibly
empty set V' (px) of worlds.

If M = (W,{R;}ica,V) is a Kripke model, then we write I' € M to mean that I' € W. A
pointed Kripke model (for A) is a pair (M, T") consisting of a Kripke model M and a world
' € M; the world T" € M is called the point of (M,T"). To say that pointed Kripke model
(M,T) for A has a property P of binary relations—examples include reflexivity, transitivity,
seriality, or being euclidean—means that for M = (W,{R;}ica, V), we have that R; has
property P for each i € A.5 For a pointed Kripke model (M, T) and a formula ¢ € COMZ,
we write M, " = ¢ to mean that ¢ is true at (M,T"). The negation of M,T" = ¢ is written
M,T F . Truth of a formula ¢ € COMZ at a pointed Kripke model (M,T') is given by the
following induction on the construction of .

e M,T' |= pp means that I' € V(py).

o M,T £ L.

o M.I' = ¢ D ¢y means that M, T" = ¢ or M, T | ps.

e M.T | K;p means that M, A | ¢ for each A € M satisfying T'R;A.

o M,T' = Cgp means that for each non-negative integer n € N, if {I'y}}_, is a sequence
of worlds in M such that 'y = I' and each k£ € N satisfying £ < n has an ¢ € G such
that FkRiFk—Ha then M, Fn ): @.

e M. T |= [p1— G]ps means that either we have M, T" [~ ¢ or else we have both M, I =
1 and Mp;— G, (I',0) |= ¢, where the Kripke model M[p;— G] is the tuple

(Wlp1— Gl {Ri[p1— Gl}iea, Vg1 — G])

whose components are given as follows.

4R is a binary relation on a set W iff R C W2. If R is a binary relation on a set W and I',; A € W, then
we write TRA to mean that (I', A) € R;.

Let R be a binary relation on a set W. R is reflerive iff DRI for each I' € W. R is transitive iff TRA
and ARS) together imply ['R) for each I'; A, Q € W. R is serial iff for each I' € W, there is a A € W such
that TRA. R is euclidean iff TRA and I'RS2 together imply ARS) for each I'; A, € W.



- W[g&l—)G] = {(F,O) e W x {0} M, T ): g01} U
{(T,1) e W x {1} : T e W}
— For each i € G: R;[p1— G| is the set

{((1,0),(8,8) € Wlpi= G)* - (PRA) A (a =)}

For each j € A\G: R;[p1— G] is the set
{((1,0), (A1) € Wlpi—=G)? : (CR;8) A (b= 1)}

— Vip1—= Gl(px) = {(Ta) € Wpr— G| : T € V(pk)}

If 7 is a set of pointed Kripke models for A, then to to say that a formula ¢ € COMé is valid
for I, written Z |= ¢, means that M, = ¢ for each pointed Kripke model (M,T") € Z. To
say that a formula ¢ € COMé is valid, written = ¢, means that ¢ is valid for the set of all
pointed Kripke models for A.

The idea behind the construction of the Kripke model M [p— G] may be understood as
follows. The worlds in M[p— G] of the form (I',0) are just those worlds of M at which
¢ is true, while the worlds in M[p— G| of the form (I, 1) make up a copy of the Kripke
model M. The binary relations in M[p— G| are then defined so that from a world (I, 0),
agents in G will only consider possible worlds of the form (A, 0) while agents in A\G will
only consider possible worlds of the form (A,1). Thus the agents in G jointly eliminate
from consideration all worlds in M at which ¢ is not true—and in this sense it becomes
common knowledge to those in G that ¢ was communicated—while the agents in A\G are
effectively unaware that the communication of ¢ to G ever occurred. So in case we have that
M, T |= ¢, then the construction of M[p— G| takes us from the moment in time given by the
pointed Kripke model (M,T") to a next moment in time given by the pointed Kripke model
(M[p— G, (I',0)). It is in this way that communication moves time from one moment to
the next in this framework.

4 Relative Expressivity

Expressivity is the comparative study of the propositions expressible in two languages that
share a common semantics. The intuitive question this study attempts to answer is the
following: can one language say everything that the other language can say?

Definition 4.1. Let A be an agent set, £; and £9 be sub-languages of COI\/lé, and Z be
a set of pointed Kripke models for A. A translation function (from £1 to £5 over I) is a
function u : £; — £9 that maps each formula ¢ € £; to a formula ¢* € £5 such that for
each ¢ € £; and each (M,I") € Z, we have M,T" |= ¢ if and only if M,T" = ¢*. We write
£1 —7 £9 to mean that there exists a translation function u : £; — £, over Z. The negation
of £ —7 £y 18 written £ %I £o.



Our informal reading of £, <7 £5 is “£5 can say at least as much as £;.” This reading
leads us to the following definition of relative expressivity.

Definition 4.2 (Relative Expressivity). We adopt the notation of Definition 4.1.
e To say that £, is more expressive (for Z) than £, means that £; 47 £9 and £ —7 £4.

e To say that £, and £y are equally expressive (for Z) means that £, <7 £o and
£2 —7 21.

e To say that £, and £, are expressively incomparable (for Z) means that £, /7 £, and
£y 1 L.

Our definition of £ <7 £ is our formalization for the notion of £, saying at least as
much as £,. This gives us a partial ordering on languages, from which we defined the strict
partial ordering that is relative expressivity. But note that these definitions all depend on a
given set Z of pointed Kripke models for A. In particular, we will show in the last section
how a specific choice of Z affects the outcome of an expressivity result.

5 Some Known Results on Relative Expressivity

The Plaza-Gerbrandy Theorem marks the beginning of Dynamic Epistemic Logic as an
independent area of study.

Theorem 5.1 (Plaza-Gerbrandy [6, 12]). Let A be an agent set. Then PUB* <7 ML for
each set Z of pointed Kripke models for A.

Since ML? <7 PUB for each set Z of pointed Kripke models for A, the Plaza-Gerbrandy
Theorem implies that PUB? and ML# are equally expressive for any class of pointed Kripke
models for A. Thus public communication does not add expressive power to the language of
modal logic without common knowledge. But this does not tell us that the language PUB*
is useless; in fact, PUB? is exponentially more succinct than ML?, as the following theorem
explains.

Theorem 5.2 ([10]). Let A be an agent set satisfying |A| > 2, let Z be the set of all
pointed Kripke models for A4, and let v : PUB? — ML? be a translation function over Z.
Abbreviations: let (1)) abbreviate =[t)]= and let K; abbreviate =K;—. Choosing i € A and
j € A such that i # j, define the sequence {w)}ren of PUB-formulas by the following

induction.
T if k=0,

o= { ({or VK TYK;T it k> 0.
Then it follows that for each k € N, the number of symbols in ¥ is at least 2*.

It remains open whether Theorem 5.2 holds if we choose for Z the set of all reflexive,
transitive, and euclidean pointed Kripke models (for A), which is the set of pointed Kripke
models corresponding to the logic S5, the typical logic of knowledge [5].



Theorem 5.3 ([1, 3]). Let A be an agent set. Then COM* <7 ML* for each set T of
pointed Kripke models for A.5

Since ML? <7 COM? for each set Z of pointed Kripke models for A, Theorem 5.3 implies
that COM# and ML# are equally expressive for each set Z of pointed Kripke models for A.
Thus public and private communication do not add expressive power to the language of
modal logic without common knowledge.

We now survey results concerning the relative expressivity of fragments of CO Mé.

Theorem 5.4 ([3, 14]). Let A be an agent set satisfying |A| = 1 and let Z be the set of all
pointed Kripke models for A. Then PUBé L7 MLé.

Proof Hint. The PUBZ-formula [po]~Cy—p; cannot be expressed in MLZ [3]. O

Since MLé —7 PUBé for each set Z of pointed Kripke models for A, Theorem 5.4 implies
that the language PUBé of public communication with common knowledge is more expressive
than the language MLé of modal logic with common knowledge for the class of all pointed
Kripke models for A. Contrasting this theorem with the Plaza-Gerbrandy Theorem, we see
that common knowledge is necessary for this expressivity increase to occur.

Theorem 5.5 ([3, 14]). Let A be an agent set satisfying |A| > 2 and let Z be the set of all
reflexive, transitive, and euclidean pointed Kripke models for A. Then PUBS +7 MLZ.

Proof Hint. The PUBZ-formula [py] ~Cg—p; with |G| = 2 cannot be expressed in ML [3]. O

Theorem 5.5 tells us that if there are at least two agents in the agent set A, then the
language PUBé of public communication with common knowledge is more expressive then
the language MLé of modal logic with common knowledge for the class of all pointed Kripke
models for A that are reflexive, transitive, and euclidean.” The latter trio of properties
characterizes the class of frames valid for the logic S5, a logic generally thought of as the
logic of knowledge [4, 5]. Thus public communication strictly increases the expressivity of
the logic of knowledge when common knowledge is present. Contrasting this theorem with
Theorem 5.3, we again see that common knowledge is necessary for the increase in expressive
power.

Theorem 5.6 ([3]). Let A be an agent set satisfying |A| > 2 and let Z be the set of all
pointed Kripke models for A. Then PRI1§ 7 PUBS.®

Proof Hint. The PRI1Z-formula [py— i|~C;Kjpy with i # j cannot be expressed in PUBZ.
O

6Theorem 5.3 is actually a special case of a more general theorem from [1, 3]: no collection of the general
communication types in [1, 3] adds expressivity to ML# for any set of pointed Kripke models.

"Theorem 5.5 fails in the case |A| = 1, since |A| = 1 implies that PUBZ <z MLZ for any set Z of
transitive pointed Kripke models for A [3].

8Theorem 5.6 fails in the case |A| = 1 for a trivial reason: |A| = 1 implies that PRI1S = PUBZ (see
Definition 3.4).
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Theorem 5.6 tells us that if there are at least two agents in the agent set A, then the
language PUBé of public communication with common knowledge cannot say everything
that can be said by the language PRIlé of single-recipient private communication with
common knowledge for the set of all pointed Kripke models for A. Comparing this result with
Theorem 5.3, we again see the necessity of common knowledge for an increase in expressive
power.

6 Our Results on Relative Expressivity

Our first result, Theorem 6.2, is the strongest possible form for the reverse direction of
Theorem 5.6. But before we state our theorem, we make the following auxiliary definition
for use in our proof.

Definition 6.1. Let A be a finite nonempty set and G C A be a nonempty subset. Let
{g,}'G‘ be a fixed enumeration of G. Then given a Kripke model M = (W, {R;}ica, V) for

A and binary relation R on W, the expansion of M at R by {gl}| ‘1 is the Kripke model
(W' {R.}ica, V') for A whose components are given as follows.

o W :=WUI{I,A):([,A)€R,ieNwithl<i<|G|—1}
Abbreviations: for each (I'yA) € R, we set (I, A,0) ;=T and (I', A, |G|) =

e For each i € N satisfying 1 <i < |G|:
R, = Ry, U {((r, Ai—1),(T,A0) : (T,A) € R}

e For each i € A\G: set R, := R;.
o V'(ipr) =Vi(py) U{(I,Ai) e W :i<|G|—1and T" € V(px)}

The expansion of M at R by {gl}‘ | simply takes each edge (I'; A) € R and expands it
to a path whose edges are the enumeration {gl} _, of G; that is,

r--A
expands to

g\c\ 1< 91G|

%o (D,A, 1)~ 2~ (T, A, 2) -2~ A, |G- 1)-29%A

For i < |G| — 1, the set of propositional letters true at (I', A, 7) is exactly the set of proposi-
tional letters true at I'.

We may now state and prove our first theorem of this section. Compare our theorem
with Theorem 5.6.

Theorem 6.2. Let A be an agent set. Then PUBZ <7 PRIZ for the set Z of all pointed
Kripke models for A.

11



Proof. 1t |A| = 1, then we have that PRIé and ML’é are equally expressive for any set of
pointed Kripke models for A (since = [p— 0]y = ¢ D ), and so the result follows by
Theorem 5.4. So we may assume that |A| > 2. For each non-negative integer n € N, we
define the Kripke model B" := (W™, S™ V") for A and the relation R" C W"™ x W" as
follows.
o W = {Qf:keNand1<k<n+1}U
{OF: keNand 1 <k<n+1}U{l, A}

Abbreviations: we set Qf :=QF , =T and Q%,, .= Qf := A
e For each i € A, set R := ().

WA} if k=0

0 if k> 2
o R = {(QF 0 1<k<n+2}U

{((QF Q) 1<k<n+2}

Now fix an enumeration {ai}ﬁll of A. For each n € N, we define the Kripke model C™ as
the expansion of B" at R" by {ai}L’i‘l (Definition 6.1). See Figure 1 for a picture of C™.

We now define a depth function d : PRIZ — N by the following induction on PRIZ-formula
construction.

o d _L) =0
e d(p1 D o) = max{d(¢1),d(v2)}
o d(K;p):=1+d(p) foric A

o d(Cayp) = Al +d(p)
o d([p1— Glpa) = Al + max{d(¢1), d(p2)}
We will prove the following statement that we call S: for each ¢ € PRI, each n € N satisfying
d(¢) < (n+1)-|A|, each positive integer k € N satisfying d(¢)+ (k—1)-|A] < (n+1)-]A],
and each i € N satisfying both 0 < i < |A| —1land d(p) +i+ (k—1)-|A] < (n+1)-]A4],
we have that
Cm (i) Ee it CM QD) Ee

Observe that for the PUBg-formula 6 := [po]~Cy—p; we have C", QF b 6 and C™, QF =6
for each n € N. Applying Statement S, it then follows that no function w : PUBfC1 — PRIé
satisfies the property that the two equivalences

cr Qb =0 it C",QF =6 and
cr QR =g i On QF = gu
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both hold for each n € N. Since Z is the set of all pointed Kripke models for A, we then
have that PUBZ 7 PRIZ, which completes our proof. So what remains is for us to prove
Statement S. We proceed by an induction on the construction of PRIé—formulaS. The
Boolean cases of this induction are straightforward, so we will only handle the non-Boolean
cases.

o Case: Kjp for some j € A.
Suppose that C™, (QF,i) = K;p and that d(Kjp) +i+ (k—1) - |A| < (n+1) - |A]
In case i < |A| — 1, we then have that C™, (QF,i + 1) J£ ¢. Since d(Kjp) =1+ d(y),
it follows that d(¢) 4+ (i +1) + (k—1)-|A| < (n+1)-]A] and so C™, (QF, i+ 1) £ ¢
by the induction hypothesis. But then C™, (QF, i) & K.
In case i = |A| — 1, we have from our assumptions that C™, (Qf, ;,0) ¥ ¢ and d(¢) +

k-|A] < (n+1)-|A| It follows from the induction hypothesis that C™, (Qf,,,0) ¥ ¢
and thus that C™, (QF 1) £ K.

The argument that C™, (QF, i) £ K;p implies C", (QF, i) £ K, is shown similarly.

o Case: Cyup.

C", (QF4) = Cap is equivalent to C™ w £ ¢ for some w € C™. But the latter is
equivalent to C™, (QF ) K& Cue.

e Case: Cgp for some nonempty G C A.

It follows from our assumption G C A that C™, (QF i) = Cap is equivalent to C™, w p=
¢ for some w € C™ satisfying the property the number of edges between (QF,7) and w
is at most |G|. w may have one of two forms and we consider a separate case for each
form.

Suppose w is of the form (QF,i') with ¢/ € N satisfying ¢ < ¢/ < |A| — 1 and further
that d(Cgp) +i+ (k—1) - |A] < (n+ 1) - |A]. Since d(Cgp) = |A| + d(p), it follows
that d(p) 4+ +(k—1)-]A| < (n+1)-|A]| because i’ < i+ |A|. Applying the induction
hypothesis, we have C™, (') £ o, from which it follows that C™, (Q, ) ¥ Cge.
Suppose w is of the form (Qf,;,4') with i € N satisfying 0 < ¢ < |G| — (JA] — 1) and
further that d(Cap)+i+(k—1)-|A| < (n+1)-]A|. Since d(Cey) = |A|+d(¢p), it follows
that d(p) +1 +k-|A| < (n+1)-]A| because we have i’ + |A| < |G| +1i < |A|+ 1 by our
assumption G C A. Applying the induction hypothesis, we have C™, (Qff ,,7) ¥ o,
from which it follows that C™, (QF i) £ Cae.

The argument that C™, (7)) £ Cap implies C™, (2L, i) £ Cgp is shown similarly.

e Case: [p— G| for some nonempty G C A.

Suppose that d([p— Glv) + i+ (kK —1) - |A] < (n+ 1) - |A|. Since d([p— GJy¥) =
|A| + max{d(¢),d(¢)}, we have each of the following.

—d(p)+7+(k—1)-|Al < (n+1)-]|A| for each i" € N satisfying i <7 <|A4| —1
Applying the induction hypothesis, we have that
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e Qi) Ee it O (9 ) e
for each i € N satisfying ¢« < ¢ < |A| — 1.
—d(p)+i +k-|Al < (n+1)-]|A]| for each i € N satisfying 0 < ' < |G| — (|4]| —1)
Applying the induction hypothesis, we have that
C () Fe it O (0, 7) F e
for each i € N satisfying 0 <" < |G| — (|4| — 7).

Without loss of generality, we may assume that

C",(QiyEp and C", () Ee ,

for otherwise the desired result follows trivially. Now let s” be the longest sequence
of worlds in C™ such that the first member of s* is (2L, 4) and s’ satisfies each of the
following: C™,w |= ¢ for each world w in s’ and each pair (w;,w,) of consecutive
worlds in s” satisfies wy Rjws for some j € G. Since G C A, the nonempty sequence s”
is necessarily finite. Now let s® be the sequence of worlds in C™ obtained by replacing
each occurrence of a superscript L in a world in s by a superscript R. It follows from
what we showed in the two bulleted items above that s is the longest sequence of
worlds in C™ such that the first member of s is (QF i) and s% satisfies each of the
following: C™,w | ¢ for each w in s® and each pair (wy,ws) of consecutive worlds
in s” satisfies wy Rjwy for some j € G. Now if the unique outgoing edge of the last
member in s is labeled by some j € G, then the tree model generated by

(C"[p— G, (%, 1),0))

is isomorphic to the sub-model of C™ consisting of those worlds in the sequence s* and,
by what we showed in the two bulleted items above, the tree model generated by

(C"e— G, (1), 0))

is also isomorphic to the sub-model of C™ consisting of those worlds in the sequence
s.9 But it then follows that

C"e— G, (%, 4),0) = o iff
C"e— G], (4, 1),0) ¢

as desired. So let us assume that the unique outgoing edge of the last member in s* is
labeled by some j € A\G. We then have that the tree model generated by

(C"[o— G, ((%,9),0))

is isomorphic to the tree model generated by (C™, (QF,4)). Thus

9The tree model generated by a pointed Kripke model is sometimes called the unraveling generated by a
pointed Kripke model. See [4] for definitions and results relevant to modal logic in general.
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/,-1— () —>0— (4) —>@— (A) > -+ —(4) >@

(A) (A)
ro %A
(A) (A)
Neo< (A) — +++ <+ (A) —@<— (A) —@<— (A) &

0, of 0f Of

Figure 1: Picture representing the Kripke model C™ defined in the proof of Theorem 6.2.
An edge from w to w’ labeled “(A)” represents a path from w to w’ whose edges enumerate
A in some fixed order.

C"p—= G, ((%,4),0) = iff O™ (Q, ) =4

By similar reasoning, we also have

C"o—= G, (1), 0) o i O (Q4) =

Since d(lp— Gl)-+i-+(k—1)-|A| < (n-+1)- ] and d((p— GJob) = |A|+max{d(s), d()},
we have that d(¢) +i+(k—1)-]|A| < (n+1)-]A|. Applying the induction hypothesis,
we have that

(i) Ey it Ot () Y
which completes the proof of this theorem (Theorem 6.2). O

Theorem 6.2 tells us that the language PRIé of private communication with common
knowledge cannot say everything that can be said in the language PUBé of public communi-
cation with common knowledge for the set of all pointed Kripke models for A. Since we have
that PRIlgl 7 PRIé for each set Z of pointed Kripke models for A, combining Theorems 5.6
and 6.2 yields the following result.

Theorem 6.3. Let A be an agent set satisfying |A| > 2 and let Z be the set of all pointed

Kripke models for A. Then the languages PUBé and PRIé are expressively incomparable for
T

Finally, we show that in contrast to Theorem 5.6, we have that single-recipient pri-
vate communication does not add expressivity to the language of modal logic with common
knowledge for any class of transitive pointed Kripke models for A.

Theorem 6.4. Let A be an agent set and let Z be any set of transitive pointed Kripke
models for A. Then PRI1Z <7 MLZ.
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Proof. In Figure 2, we define a function u : PRI1S — MLZ. For each formula y € PRI1Z,
we show that Z = xy = x* Our argument proceeds by an induction on the depth of
announcement modals in y (that is, modals of the form [¢)—i] for ¢» € PRI1& and i € A)
with a sub-induction on the number of symbols in y. This induction follows the inductive
definition in Figure 2 of the function u. Many cases of the induction are straightforward, so
we will only handle the non-straightforward cases. (Note that the condition of transitivity
is used only in the second half of the last case we handle.)

o I = [p—i|KjY = ¢" D K;¢" when j # i
Suppose M, I' & [p—i|K ;3 for some (M,I') € Z. This means that M,I" = ¢ and
M[p—1i],(I',0) = K;9. Thus M[p— 1], (A, 1) 9 for some A € M satisfying I'R;A.
It follows from the induction hypothesis that M, I = ¢" and M[p—i], (A, 1) & ¢
But the tree model generated by (M[p—il, (A, 1)) is isomorphic to the tree model
generated by (M, A), so it then follows that M, A = ¢*. Since I'R;A, we then have
that M, T" f& K;9*. Taken together, we have shown that M,I" j= " D Ky

Conversely, suppose M, I" = o* D K;y" for some (M,I") € Z. This means that M,I" =
" and M, A = " for some A € M satisfying I'R;A. It follows from the induction
hypothesis that M, = ¢ and M, A = . But the tree model generated by (M, A)
is isomorphic to the tree model generated by (M[p— 1], (A, 1)), so it then follows that
Mlp—i], (A, 1) & 4. Since M,T" = ¢ and I'R;A, we have that (I',0) € M[p— 1] and
(I, 0)R;[p—i](A,1) and thus that M[p—i],(I",0) K& K;i. Taken together, we have
shown that M, I" = [o— | K.

o T [p—i|Kp =" D Ki([p— i])"
Suppose M, T |~ [p— iK1 for some (M,I') € Z. This means that M,I" = ¢ and
Mlp—i],(I',0) = K;tp. Thus M[e—il, (A,0) = ¢ for some A € W satisfying I'R;A.
But this means that M, A [~ [¢— i]ip. Now it follows from the sub-induction hypothesis
that M, A B~ ([p—i]v)", and the induction hypothesis implies that M, T = ¢*. So we
have M, T (£ o* D K;([p—i|t)" because TR;A.

Conversely, suppose that M, T = ¢ O K;([p—i]y)" for some (M,T") € Z. This
means that M, T = ¢" and M, A [~ ([p—i])" for some A € M satisfying TR;A. Tt
follows by the sub-induction hypothesis that M, A }~ [p—i]i). But this means that
M,A E ¢" and M[p—i],(A,0) = ¢. Applying the induction hypothesis, we have
that M,I" = ¢ and thus that (I,0) € M[p—i|. But then (I',0)R;[¢—i](A,0) and
thus M[p—i], (I',0) = K2, which is what it means to say that M, F& [o— ] K;1).

o 7 = [p—i|Cath = ([p— i])" A (" D EgCgqy*) when i ¢ G
Suppose M,I' & [p—i]Cgyp for some (M,I') € Z. This means that M,T" = ¢ and
there is a sequence {(I'y, ax)}y_, of worlds in M[p— 1] such that (I'g, ap) = (T',0), each
k € N satisfying 0 < £ < n has a = 1, each k € N satisfying kK < n hasa j € G
with (I'y, ar)R;[o— 1] (Dit1, art1), and M[p— i, (I'y, a,) = 9. In case n = 0, we then
have that M,T" £ [p—i]¢ and thus that M, T £ ([p—i]e)" by the sub-induction
hypothesis. So suppose that n > 0. We then have that M, T, £ 1 because the tree
model generated by (M[p—i],(T',, 1)) is isomorphic to the tree model generated by
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(M,T,,). Applying the induction hypothesis, it follows that M, T, = ¢*. But {T'x}7_,
is a nonempty sequence of worlds in M such that each k € N satisfying 1 < k < n has a
Jj € GwithT'yR;T'x4q, s0 M, Ty = Ceyp®. We also have that I'R;I'; for some j € G, and
thus M, " £ EqCgt®. Further, the induction hypothesis implies that we may conclude
M,T = ¢" from the fact that M, T | ¢, and thus M, T" }£ ¢* D EqCg®™. So no matter
whether n = 0 or n > 0, we have shown that M, [~ ([p—i]t)" A (¢* D EgCat™).

Conversely, suppose that M,T" & ([p—i]¥)" A (¢* D EgCey™) for some (M,T) € T.
In case M, T £ ([p— i]e)", the sub-induction hypothesis implies that M, T (= [o— it
and thus M[p— ], (I',0) = ¢. The latter implies that M[p—i], (I, 0) = Cstp and thus
that M, £ [p—i]Cgtp. In case M, T £ o* D EqCet", then M, T" = ¢" and for some
n € N with n > 0, there is a sequence {I';}}_, of worlds in M such that I'y = I, each
k€ Nwithk <nhasaj € GwithT'yR;I'y41, and M, T, = ¥". Applying the induction
hypothesis, we have that M, T, i~ ¢ and thus that M[p—i], (T, 1) & ¢ because the
tree model generated by (M [p— 1|, (I's, 1)) is isomorphic to the tree model generated
by (M,T'),). Again applying the induction hypothesis, it follows that M, = ¢ from
the fact that M,T" = ¢*, and thus (I',0) = (I'g,0) € M[e—i]. Defining the sequence
{ar}}_o by setting ag := 0 and aj, := 1 for k > 0, we have that {(T'y,ax)},_, is a
sequence of worlds in M[p— i] such that (I',0) = (I'o, ag), each k € N satisfying k < n
has a j € G with (I, ax) Rj[¢— 7| (Lry1, ag41), and M[p— 1], (I, a,) = 1. But then
we have shown that M, T" [~ [p— i|Cg).

T k= [p—1]Cet = ¢* D Ci([p— i]K)" A Ci(¢" D Eq\1iyCep*) when i € G

Suppose that M,T" & [p—1]Cgtp for some (M,I') € Z. This means that M,I" = ¢
and for some n € N and some m € N with m < n, there is a sequence {(I'y, ax)},_,
of worlds in M|[p— i| such that (I'g,aq) = (I',0), each k € N satisfying k& < m has
(Tk, ar) Rilo— i](Ty1,ax11), each k € N satisfying m < k < n has a j € G with
(Tgy ar) Ri[o— 3] (Trt1, akt1), and Mp—i], (I, a,) = 1. Note that we have ay = 0
for each k € N satisfying £ < m and a, = 1 for each k € N satisfying m < k < n. Now
it follows from the induction hypothesis that M,I" = ¢" by the fact that M, " | ¢.
So what remains is for us to show that

M, T B~ Ci([p— i]9)" A Ci(¢" D EaviyCatp”) -
We COHSider two cases.

— Case: n=0o0r0<m=n.

We have M, T, £ [¢— i]¢b and thus the sub-induction hypothesis yields M, '), F~
([e—i]¥)*. Since m = n, it follows that {I'x}7_, is a sequence of worlds in
M such that I'y = I' and each £ € N satisfying & < n has I'yR;I'xr;. Thus
M. T = Cillp—1]y)".

— Case: 0 <m < n.
(', 0) € M[p—i] implies that M, T, = ¢ and thus that M, T, E ¢" by the
induction hypothesis. Since m < n, the sequence {I'x}}_,, of worlds in M is

nonempty and satisfies each of the following: I',,R; I';,11 for some jo € G\{i},
and each k € N satisfying m +1 < k < n has a j € G with I';R;I';1;. Now
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m < n implies that a, = 1, and thus M, T, }%# ¢ follows from the fact that the
tree model generated by (M,I',,) is isomorphic to the tree model generated by
(M[p—1i],(I'n,a,)). Applying the induction hypothesis, we have that M, T, ¥~
y*. But then we have shown that M,I',, = ¢" D Eq\i3Cev®. Since {I'x}72, is
a sequence of worlds in M such that each k& € N satisfying £ < m has I'y R;['x 11,
we then have that M, T" [~ Ci(¢* O Eq\(i;Cat").

Conversely, suppose that

M,T £ " D Ci([p—i])" A Ci(e" D Eg\{i}CGID“)

for some (M,T') € Z. Thus M,T" = ¢*, from which it follows by the induction hypoth-
esis that M,I" = ¢. So what remains is for us to show that M[p— ], (I',0) & Cae.
We consider two cases.

— Case: M,T [~ Ci([p—i|v)"

This means that there is a sequence {I'y}}_, of worlds in M such that I'y =T,
each k € N satisfying k& < n has ['yR;T'y.1, and M, T, = ([p—i]v)". Applying
the sub-induction hypothesis, we have that M, T, |~ [¢— i]ib. The latter implies
that M,T',, = ¢, and hence (I',,,0) € M[p—i]. Now it follows by the transitivity
of R; that T'R;I",, and thus (T',0)R;[¢—i](T,,0). But M,T,, [~ [p—i]¢ also
implies that M[p—i], (I'y,0) = 9, so we have M[p—i], (I',0) = Ceyp by the fact
that 7 € G.

Case: M,T' = Ci(¢" D Eg\sy Ca*)

This means that there is a sequence {I'y}}_, of worlds in M such that I'y = T,
cach k € N satisfying k < n has I'y R;I'v41, and M, T, = " D Eq\;3Cay”. Thus
M,T,, = ¢“, and so the induction hypothesis implies that M, T, = ¢. We there-
fore have that (I',,0) € M[p— 1], from which it follows that (I', 0) R;[¢— i|(I's, 0)
by the transitivity of R;. Applying the induction hypothesis again, we have that
M, T, ¥ Ec\Ce, which means that there is a sequence {I'y}j,, for some
m € N with m > n such that I',R; [',,4+; for some j, € G\{i}, each k € N
satisfying n +1 < k < m has a j € G with ['yR;I';+1, and M, T, & 1. But then

(I,0), (T's,0), Trg1, 1), (Trgo, 1), ooy (T, 1)

is a sequence of worlds in M [p— i such that each pair (w, w") of consecutive worlds
in the sequence has a j € G such that wR;[p— i|w'. Further, M[p— 1], (I'y,, 1) B~
Y by the fact that the tree model generated by (M[p—il, (I';,, 1)) is isomorphic
to the tree model generated by (M, I',,). But then M[p—il, (I',0) j£ Ceyp. O

By choosing 7 as a set of transitive pointed Kripke models for A, we choose those Kripke
models for which the agents’ beliefs are introspective, meaning each agent believes his own
beliefs. Since each single-recipient communication of agent i’s knowledge to a group GG having
1 € G is in fact a communication received only by ¢ himself, Theorem 6.4 provides a sense
in which believing our own beliefs imposes a kind of self-dialog.
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Figure 2: Inductive definition of a function u : PRI1& — ML used in the proof of Theo-
rem 6.4.

7 Conclusion

We have surveyed public and private communication in Dynamic Epistemic Logic (DEL)
with a focus on questions of relative expressivity. Our work adds the following to the list of
known results.

1. Theorem 6.2: the language PRIé of private communication with common knowledge
cannot say everything that can be said in the language PUBé of public communication
with common knowledge for the class of all pointed Kripke models for A.

In Theorem 6.3, we combined Theorem 6.2 with a known result—Theorem 5.6 [3]—to
show that for 2 < |A| < w, the languages PRIZ and PUBZ are expressively incomparable
for the class of all pointed Kripke models for A. This provides us with a formal proof
that public and private communication are fundamentally different in the presence of
common knowledge.

2. Theorem 6.4: the language PRIlé of single-recipient private communication with com-
mon knowledge and the language MLé of modal logic with common knowledge are
equally expressive for any class of transitive pointed Kripke models, which says that
single-recipient private communication does not add expressivity to the language of
modal logic with common knowledge for any class of transitive pointed Kripke models.

As a consequence, single-recipient private communication is implicit in KD45, the typi-
cal logic of belief [5]. This provides us a sense in which positive introspection—believing
our own beliefs—induces a kind of self-dialog.

More generally, the work of this paper is a small step in a larger project whose eventual
goal is to provide a complete characterization of the relative expressivity for the many DEL
languages [1, 14]. Given the extremely limited collection of known expressivity results that
have been discovered since the Plaza-Gerbrandy Theorem became well-known in 1999 [6, 12],
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this task may turn out to be quite difficult. But the task will nonetheless be of use in
getting a better understanding of the gamut of communicative types that the many DEL
languages make available to ideally rational agents. Understanding this gamut will provide
important clues as to the fundamental communicative types that would constitute an account
of the dynamics of our imperfect everyday knowledge, and so it is our hope that our small
contributions here will be of use in this pursuit as well.
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